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OBJECTIVES:
[J To make the student acquire sound knowledge of techniques in solving ordinary differential
equations that model engineering problems.
71 To acquaint the student with the concepts of vector calculus, needed for problems in all
engineering disciplines.
[J To develop an understanding of the standard techniques of complex variable theory so as to
enable the student to apply them with confidence, in application areas such as heat conduction,
elasticity, fluid dynamics and flow the of electric current.
1 To make the student appreciate the purpose of using transforms to create a new domain in which
it is easier to handle the problem that is being investigated.
UNIT | MATRICES 9+3
Eigenvalues and Eigenvectors of a real matrix - Characteristic equation - Properties of
eigenvalues and eigenvectors - Statement and applications of Cayley-Hamilton Theorem -
Diagonalization of matrices - Reduction of a quadratic form to canonical form by orthogonal
transformation - Nature of quadraticforms.
UNIT Il VECTOR CALCULUS 9+3
Gradient, divergence and curl — Directional derivative — Irrotational and solenoidal vector fields —
Vector integration — Green’s theorem in a plane, Gauss divergence theorem and Stokes’
theorem(excluding proofs) — Simple applications involving cubes and rectangular parallelopipeds.
UNIT 111 ANALYTIC FUNCTIONS 9+3
Functions of a complex variable — Analytic functions: Necessary conditions — Cauchy-Riemann
equations and sufficient conditions (excluding proofs) — Harmonic and orthogonal properties of
analytic function — Harmonic conjugate — Construction of analytic functions — Conformal
mapping: w = z+k, kz, 1/z, 7%, e* and bilinear transformation.
UNIT IV COMPLEX INTEGRATION 9+3
Complex integration — Statement and applications of Cauchy’s integral theorem and Cauchy’s
integral formula — Taylor’s and Laurent’s series expansions — Singular points — Residues —
Cauchy’s residue theorem — Evaluation of real definite integrals as contour integrals around unit
circle and semi-circle (excluding poles on the real axis).
UNIT V LAPLACE TRANSFORM 9+3
Laplace transform — Sufficient condition for existence — Transform of elementary functions —
Basic properties — Transforms of derivatives and integrals of functions - Derivatives and integrals
of transforms - Transforms of unit step function and impulse functions — Transform of periodic
functions. Inverse Laplace transform -Statement of Convolution theorem — Initial and final value
theorems — Solution of linear ODE of second order with constant coefficients using Laplace
transformation techniques.
TOTAL: 60 PERIODS
TEXT BOOKS:
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Subject Code / Subject Name: MA8251/ ENGINEERING MATHEMATICS-I1I
Year/Semester: | /11

UNIT- MATRICES

Eigen values and Eigenvectors of a real matrix — Characteristic equation — Properties of
Eigen values and Eigenvectors — Cayley-Hamilton theorem — Diagonalization of matrices —
Reduction of a quadratic form to canonical form by orthogonal transformation — Nature of
quadratic forms.

Q.No. | PART-A
State Cayley Hamilton theorem and give its two uses.
(NOV/DEC 2015)(MAY/JUNE 2012) BTL1
1 Every square matrix satisfies its own characteristic equation.
It is used to calculate
I. The positive integral powers
ii. The inverse of a square matrix.
. : 1 1 .
If A1, A2, ...An are Eigen values of a matrix A then show that /1_’2 yooo % are Eigen
1 n
values of A1, BTL2
If 21 and X are corresponding Eigen value and Eigen vector of A where i=1,2...,n.
5 AX; = X,AT(AX,) = A7 (4 X))
= IX, = LA X,
= X, =ALAX,
= AXi = 1/ X,
= At=1/4
-1/ is an Eigen values of A
If \1,X2,... An are Eigen values of an n x n matrix A then show that A:3, A2°... A.° are Eigen
values of A3, BTL2
3

Let A be Eigen value of A and let X be Eigen vector of A.
AX=AX
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A?X = AWX
= (AX)
=% (OX)
=A2X
~AZ=)
Similarly, A3X=23X = A*=2°

.22 is an Eigen value of A%,

2 21

Two Eigen valuesof A=| 1 3 1 |are equal and are%times to the third. Find them.
1 2 2

(NOV/DEC 2014) BTL1

Let A1, A2, A3 be Eigen values of A.
Given M= A2= %Xs

We know sum of Eigen values = sum of diagonal elements

M+ A+ A3=7
1 7»3+1 AMt+A3=7
5 5
Z A3a=7
5
s A=5
oM =h=1.
1 2 3
Find the Eigen values of A>given A=| 0 2 -7 |.Also find A3, A%, 2A%, BTL1
0 0 3

We know the Eigen values of a triangular matrix are just the diagonal elements.
Here given matrix is a upper triangular matrix

..Eigen values of A are 1,2,3.

We know that

“if A1, A2, ...An are Eigen values of a matrix A, then 47", A7 ,...A; are Eigen values of A™.”

-.Eigen values of A% are 1,4,9.
-.Eigen values of A3 are 1,8,27. We know that if A1, A2, ...\ are Eigen
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values of A
then k A1, kA2, ... kA are Eigen values of KA
-.Eigen values of 2A? are 2,8,18

If A is an orthogonal matrix Show that A is also orthogonal BTL2

Let A be orthogonal matrix
ie. AT=At
Let AT=A1=B
BT = (A-l)T = (AT)-l :B-l
Therefore B is orthogonal.
i.e. Alisan orthogonal matrix.

Prove that the product of 2 orthogonal matrices is an orthogonal matrix. BTL5

Let A be an n™ order orthogonal matrix.
AA =AA=|

Let B be an n'™ order orthogonal matrix.

BB'=BB=|I

Now (AB) (AB) = AB BA’
= AIA
= AA
=

Now (AB) (AB)=B'A'AB
=B'IB
=BB

=1
Since (AB) (AB) = (AB) (AB) = 1.
AB is orthogonal matrix.

If 1 and 2 are Eigen values of a 2 x2 matrix A, what are the Eigen values of AZ and A™.
BTL1

Eigen values of A% are 1 and 4

Eigen values of A™ are 1 and% .

2 01

If 2, 3 are the Eigen value of A= 0 2 0 |then find the value of b?
b 0 2

(NOV/DEC 2013) BTL1
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Given Eigen values are 4, =2,4, =3
Sum of the Eigen values = Sum of the main diagonal elements

A+, +4,=6

2+3+4,=6

5S+1,=6

A =1

Product of the Eigen value =|A|

(2)(3)(1)=8-2b
6=8-2b
b=1

If the sum of two Eigen values and trace of a 3 x 3 matrix A are equal, find the value of
|Al. BTL1

10 Let 4, 4,,4;be the Eigen values of A. Then we have 4, + A4, = trace of A
=>4 +A4 =4+, +4, = 4 =0. Hence |A| = product of Eigen values = 44,4, =0
For a given matrix A of order 3, |A| = 32 and two of its Eigen values are 8 and 2. Find
the sum of the Eigen values BTL1
Given Eigen value be 4, =8,4, =2.
1 Then @) L) =IAl =32=14,=2
Let the third Eigen value be 4,=2
Hence the sum of the Eigen values = A4 +4, + 4, =8+2+2=12
8 1 6
Find the sum and product of the Eigen values of the square matrix A={3 5 7
4 9 2
12 (NOV/DEC 2010) BTL1
Sum of the Eigen values = sum of the main diagonal elements = 8+5+2=15
Product of the Eigen values = |A| =8(10—63)-1(6-28) +6(27 — 20) = -360
8 -6 2
13 Find the sum of the Eigen values of 2Aif A=|-6 7 —4|BTL1
2 -4 3
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If A1, A2, Azare the Eigen values of A, then A1 + A2 + A3 =18.
We know that 2A1, 2 A2, 2 Az are the Eigen values of 2A.

Therefore the sum of Eigen values of 2A =2 (A1 + A2 +A3) =2 (18) = 36

If the Eigen value of A are 3x3 are 2,3 and 1, then find the Eigen values of adjA.
(NOV/DEC 2003) BTL1

The Eigen values of are 2,3,1

The Eigen value of A™are %%1

The product of Eigen values are (2)(3)(1) =|A|

14 . |A=6
We know that A™*= ﬁ adjA
adjA=|A| A

The Eigen value of adjA are

©)3)-6)3):6n

=3,2,6

Find the sum of the squares of the Eigen values of A=

O O w
o N -
o o M

15 (NOV/DEC 2016) BTL1
A is a triangular matrix. Therefore the Eigen values of A are 3, 2 and 5.

The sum of squares of the Eigen values of A?=3% + 22+ 52=9+4+ 25=3

Find the Eigen values of 2A — I, given A =( 3

ST A B i

The Characteristic equation of 2A - | is given by

1)
BTL1
2

16
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2

2A—1 —/1||=o:>‘_9_’1
6 —5-4

-0

= 1*+144+33=(1+11)(1+3) =0
= 1=-3-11

Prove that A and AT have the same Eigen values BTL5

17 A" =2 HA =D H (A=A |5 A=Al |
= A and AT have the same characteristic equation and hence they have the same
Eigen values.
Prove that Similar matrices have the same characteristic roots BTL5
Let A and B be two similar matrices, then there exists a matrix P such that B = P*AP.
18 Hence |B—Al<P*AP—PAIP |5 P A=Al [P = A—Al||PP|
= A-A1]|
i.e., A and B have the same characteristic equation. Therefore, they have the same
Characteristic roots.
cosd singd O
Is the matrix B=| —sin@ cos@ 0 |orthogonal? Justify. BTL5
0 0o 1
19 cosd singd 0| cos@ -sind O 1 00
BB' =|-sin@ cos@ 0| sind cosd O0(=0 1 0O|=I
0 0 1 O 0 1 0 01
Similarly, B'™B = I. Hence B is orthogonal.
: . 4 3 2 12
Use Cayley-Hamilton theorem to find A*-4A°-5A°+A+2l where A= 4 3) BTL3
1-1 2 5 )
|[A-Al|=0=> =0=>4A°-41-5=0= A"-4A-51=0
20 3-1

(By Cayley-Hamilton Theorem)
= A’(A*-4A-51)=0= A" —4A° -5A* =0

. 3 5 1 2 2 0 3 2
= A"—4A° -5A°+ A+21 =0+ A+ 21 = + =
4 3 0 2 4 5|
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10
Can A= (0 J be diagonalised? Why? (MAY/JUNE 2016) BTL1

21
Yes. Even if the Eigen values of A are equal, namely 1, 1, it is possible to find two
linearly independent Eigen vectors corresponding to the Eigen value 1.
Find the matrix of the quadratic from 2x” +2y” +3z° + 2xy —4xz —4yz BTL1
_ I . 1
coeff x Ecoeff Xy —=coeff xz
. . 1 , 1
The required matrix A=| —coeff yx coeff y° =coeff yz
22 2 .
—coeff zx =coeff zy  coeff z°
L2 2 i
2 1 -2
A= 1 2 =2
-2 -2 3
Find the nature of the quadratic form X +2X? + X% —2xX, +2X,X, BTL1
(MAY/JUNE 2010)
S 2 . L -
coeffx; 2 coeffx X, > coeffx X,
1 , 1
A= Ecoeﬁxzx1 coeffx; Ecoeffxzx3
= coeffx,x, 1 coeffx,x,  coeffx
23 | 2 2

1 -10
D,=|-1 2 l=|a11|=1
0 1
110
D, =|-1 1:‘ 41:2—1:1
-1 2
0
D, =|A]=1

The nature positive definite since all are positive values.
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Write down the matrix corresponding to the quadratic form x* +y* +z° + 2zx + 4\/§yz

BTL1
_ o ) _
coeff x Ecoeff Xy Ecoeff Xz
. . 1 , 1
24 The required matrix A= Ecoeff yx  coeff y Ecoeff yz
1 1 2
Ecoeff ZX Ecoeff zy  coeff z
1 0 1
A=|0 1 22
1 242 1
2 1 -2
Write down the Quadratic Form corresponding to the matrix A=| 1 2 -2
-2 -2 3
25 |BTL1
The Quadratic Form of the matrix is 2x* +2y® +3z° + 2xy — 4yz — 42x
Define index and signature of a quadratic form. Find the index and signature of the
quadratic form x? +2x2 —3x5. BTL1
26 The number (p) of positive terms in the canonical form of a QF is called the index of

the QF.
The number of positive terms minus the number of negative terms is called the
signature of the QF

Index =2, Signature = 1

Find the constant ‘a’ and ‘b’ such that the matrix

a 4 .
Az(l bJ has 3 and-2 as eigenvalues. BTL1

Give the Eigen values are 3 and -2
Sum of the Eigen value of A are ‘a’ and ‘b’
Sum of the Eigen value a+b=3-2=1
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Product of the Eigen value ~ 3(-2)=-6

27 Product of the Eigen value of Aare  |A|=ab-4
ab-4=-6
ab= 2o 2)
0= b=1-a
(2)= ab=-2
a(l-a)=-2
a’—a-2=0

(a-2)(a+1)=0 ..a=2&a=-1
when a=2thenb=-1
when a=-1thenb=2
sa=2,b=-lora=-1b=2

5 4
Find the Eigen values of 3A+21, where A=(0 3) (MAY/JUNE 2007) BTL1

28 The Eigen values of Aare5and 2

The Eigen values of 3A+2l are 3(5)+2 and 3(2)+2
The Eigen values of 3A+2I are 17 and 8

PART-B

2 2 0

Find the Eigen values and Eigen vectorsof | 2 1 1 | (8 M)BTL1
-7 2 -3

Answer : Refer Page No.1.8- Dr.M.CHANDRASEKAR

e The Eigen valuesare 1=-4,13 (2 M)
1 2 2

e Eigenvectors X = -3 X ,=|-1;X,=| 1| (6 M)
13 —4 4

1 0 -1
Find the Eigen values and Eigen vectors of |1 2 1 | (DEC/JAN-2016 R-13) (8 M)
2. 2 2 3

BTL1
Answer : Refer Page No.1.10- Dr.M.CHANDRASEKAR
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e TheEigenvaluesare 1=1,2,3 (2M)

1 2 1
e Eigenvectors X ,=|-1[;X ,=|-1;X ,=|-1| (6 M)
0 -2

N

2 1
Find the Eigen values and Eigen vectors of |1 3 1| (DEC/JAN-2014 R-13) (8 M)
1 2

N

N

BTL1
Answer : Refer Page No.1.15- Dr.M.CHANDRASEKAR

e TheEigenvaluesare 1=115 (2 M)

e Eigenvectors X ,=|1|;X ,=| 1 [;X,=| 0| (6 M)

6 -2 2
Find the Eigen values and Eigen vectorsof | -2 3 -1| (APR/MAY-2015 R-13)
2 -1 3

(8 M) BTL1
Answer : Refer Page No.1.17- Dr.M.CHANDRASEKAR

e TheEigenvaluesare 1=2,28 (2 M)

2 0 1
e Eigenvectors X ,=|-1;X ,=| 1 ;X ,=| 2| (6 M)
1 1 0
1 2 -1
Verify Cayley-Hamilton theorem and hence find the inverse of the matrix | 3 -3 1
2 1 =2

5 | (DEC/JAN-2014 R-13) (8 M) BTL3
Answer : Refer Page No.1.45- Dr.M.CHANDRASEKAR

e The Characteristic Equation is A°+44°-41-12=0 (2 M)
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e For Proving A +4A*-4A-121=0 (3 M)

1 53 -1
J A‘1=E 8 0 4 (3 M)
9 3 -9
1 0 3
Verify Cayley-Hamilton theorem and hence find the inverse of thematrix |2 1 -1
1 -1 1

(DEC/JAN-2015 R-13) (8 M) BTL3
Answer : Refer Page No.1.47- Dr.M.CHANDRASEKAR

6.
e The Characteristic Equation is 2°~31°-1+9=0 (2 M)
e ForProving A*>-3A*-A+91=0 (3 M)
L 0 -3 -3
. A*:‘E -3 2 7| (B3M)
-3 1 1
2 -11
Use Cayley-Hamilton theorem to find the A* of the matrix |0 1 2
1 0 1
(DEC/JAN-2016 R-13) (8 M) BTL3
Answer : Refer Page No.1.48- Dr.M.CHANDRASEKAR
7.
e The Characteristic Equation is A*—44°+41+1=0 (2 M)
22 -19 -5
o A‘=|24 -9 14| (6M)
19 -12 3
Use Cayley-Hamilton theorem to find A® —5A” + 7A® —3A° + A* —=5A° +8A? —2A +1 of
2 11
A=/0 1 0| (DEC/JAN-2006,APR/MAY 2005) (8 M) BTL3
8 11 2

Answer : Refer Page No.1.51- Dr.M.CHANDRASEKAR

e The Characteristic Equation is A*~51*+74-3=0 (2 M)
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e For Proving A® —5A" +7A° —3A° + A* —5A% +8A? —2A+ 1 = A’+A +1

B M)
8 55
o AP _BAT+7A°_3A°+A*-5A*+8A*—2A+1=|0 3 0 3 M)
55 8
8 6 2
Diagonalize A=|-6 7 -4 | by means of orthogonal transformation (12 M) BTL1
2 -4 3
Answer : Refer Page No.1.72- Dr.M.CHANDRASEKAR
e The Eigenvaluesare 1=0,3,15 (2 M)
o 1 2 2
e Eigenvectors X ,=|2[;X ,=| 1 ;X ,=[-2| (4 M)
2 -2 1
0 0 O
e D=N'AN=0 3 0| (6M)
0 0 15
3 1 1
Diagonalize A={1 3 -1|by means of orthogonal transformation. (12 M) BTL1
1 -1 3
Answer : Refer Page No.1.77- Dr.M.CHANDRASEKAR
e TheEigenvaluesare 1=14,4 (2M)
10. -1 1 -1
e Eigenvectors X ,=| 1 ;X ,=| 1;X,=| 1| (4M)
0 -2
1 00
e D=N'AN=/0 4 0| (6 M)
0 0 4
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11.

6 -2 2
Diagonalize A=|-2 3 -1| by means of orthogonal transformation. BTL1
2 -1 3

(DEC/JAN-2015 R-13) (12 M)
Answer : Refer Page No.1.87- Dr.M.CHANDRASEKAR

e TheEigenvaluesare 1=2,28 (2 M)

2 1 0
e Eigenvectors X =|-1;X,=| 1 ;X ,=| 1| (4 M)
1 -1 1

8
e D=N'AN=|0
0

O N O

0
0| (6M)
2

12.

Reduce the quadratic form 10x° +2x,? +5x,” +6X,%, —10x,x, —4X X, to a canonical form.

Discuss its nature. (16 M) BTL1
Answer : Refer Page No.1.99- Dr.M.CHANDRASEKAR

e TheEigenvaluesare 1=0,3,14 (2M)

1 1 3
e Eigenvectors X =/ -5[;X ,=| 1;X ,=| -1 | (4 M)
4 1 -2
00 O
e D=N'AN=|0 3 0| (6M)
0 0 14

e Canonical form=0y,* +3y,” +14y,”> (2 M)

e Rank=2, Index=2, Signature=2; Nature = Positive Semi definite (2 M)

13.

Reduce the quadratic form 6x°+3X,” +3x,” — 2X,X, +4X,X, —4xX, to a canonical form.

Discuss its nature. (DEC/JAN-2016, JAN-2014 R-13) (16 M) BTL1
Answer : Refer Page No.1.102- Dr. M.CHANDRASEKAR

e TheEigenvaluesare 1=2,28 (2 M)

JIT-JEPPIAAR/S&H/MATHEMATICS//1 Yr/SEM 01/MA8251/ENGINEERING MATHEMATICS-II/UNIT 1-5
/1QB+Keys/Verd.0

16




REGULATION : 2017 ACADEMIC YEAR : 2020-2021

2 1 2
Eigenvectors X ,=|-1;X ,=| 2|;X,=| -1| (4 M)
1 0 -5

2
D=N"AN=| 0 (6 M)
0

o NN O
o O o

Canonical form=2y* +2y,? +8y,” (2 M)

Rank=3, Index=3, Signature=3; Nature = Positive definite (2 M)

orthogonal reduction. (16 M) BTL1
Answer : Refer Page No.1.104- Dr.M.CHANDRASEKAR

e TheEigenvaluesare 1=2,3,6 (2 M)

1 1 1
14. e Eigenvectors X ,=| 0 ;X ,=| 1|;X,=| —-2| (4 M)
-1 1 1
2 00
e D=N'AN=|0 3 0| (8M)
0 0 6

e Canonical form=2y,” +3y,” +6y,* (2 M)

orthogonal transformation. (DEC/JAN-2015 R-13) (16 M) BTL1
Answer : Refer Page No.1.109- Dr.M.CHANDRASEKAR

15. e TheEigenvaluesare 1=-2,3,6 (2 M)
-1 -1 1
e Eigenvectors X ,=| 0 ;X ,=| 1[X,=| 2|(4M)
1 -1 1
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-2 0 0
e D=N'AN=|0 3 0] (8M)
0 0 6

e Canonical form=-2y,*+3y,” +6y,” (2 M)

Reduce the quadratic form 8x +7x,” +3%,> —8X,X, +4x,X, —12x X, to a canonical form by

orthogonal reduction. (16 M) BTL1
Answer : Refer Page No.1.111- Dr.M.CHANDRASEKAR

e TheEigenvaluesare 1=0,3,15 (2 M)

1 2 2
16. e Eigenvectors X ,=| 2;X,=| 1 ;| X,=| -2| (4 M)
2 -2 1
0 0 O
e D=N'AN=0 3 0| (8M)
0 0 15

e Canonical form=0y,” +3y,” +15y,> (2 M)

Reduce the quadratic form 2x2+5x,” +3x,* +4xX, to a canonical form by orthogonal

reduction. (16 M) BTL1
Answer : Refer Page No.1.113- Dr. M.CHANDRASEKAR

e TheEigenvaluesare 1=13,6 (2M)

2 0 1
17. e Eigenvectors X ,=|-1;X ,=| 0;X ,=| 2| (4 M)
0 1 0
100
e D=N'AN=|0 3 0| (8M)
0 0 6

e Canonical form=1y,” +3y,” +6y.* (2 M)

Reduce the quadratic form x*+2x,°+X;° +2X,X, —2XX, to a canonical form through

18.| orthogonal transformation and hence show that it is positive semi-definite. Also give a
non-zero set of values (X, X,,X;) which makes this quadratic form zero (16 M) BTL1
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Answer : Refer Page No.1.121- Dr.M.CHANDRASEKAR

e TheEigenvaluesare 1=0,1,3 (2 M)

1 1 -1
e Eigenvectors X =/ 1 ;X ,=| 0(X,=| 2 |(4M)
-1 1 1
00O
e D=N'AN=|0 1 0| (6M)
0 0 3

e Canonical form=0y,” +1y,” +3y,> (2 M)
e X =1X=1x=-1 which makes Q.F is zero (1 M)

e For proving Positive Semi definite (1 M)

UNIT-Il VECTOR CALCULUS

Gradient and directional derivative — Divergence and curl — Vector identities — Irrotational and
Solenoidal vector fields — Line integral over a plane curve — Surface integral — Area of a curved
surface — Volume integral — Green’s, Gauss divergence and Stokes theorems — Verification
and application in evaluating line, surface and volume integrals.

PART-A

State Stokes theorem. (DEC/JAN-2015) BTL1

The surface integral of the normal component of the curl of a vector point function F over

an open surface ‘S’ is equal to the line integral of the tangential component of F around the
closed curve ‘C’ bounding ‘S’

jfﬁ:”(wﬁ rA1ds
C S

State Gauss divergence theorem. (DEC/JAN-2013) (NOV/DEC-2015) BTL1

The surface integral of the normal component of a vector function F over a closed surface
S enclosing volume V is equal to the volume integral of the divergence of F taken throughout

the volume V ” F. n ds = ” V.Fdv
\Y

S

State Green’s theorem. (DEC/JAN-2009) (NOV/DEC-2010) BTL1
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au 0 ) ) . :
If u, v,%,—v are continuous and single valued functions in the region R enclosed by the

curve C, then _[udx+vdy ”(——%u]d dy

Find curl F if F = Xyl + yzj + zxk. BTL1

curl F=VXF

4 7 7 i
= |0 0 d — () — e P
lox sy a,| =TO=9—Jz=0)+ kO -2
xy yz zX

= —yl—z]—xk = —(yi + z] + xk)

Prove that F = yzi + zxj + xyKk is irrotational. BTL5

5 i j k
¢ = |0 ] 0 —y7[2 _9
VXF /ax /ay /az Z t [631 (xy) 0z (ZX)]
yz  zx  xy
= Y 7[x — x] = 07+ 0 + 0k = 0. Hence, F is irrotational.

Is the position vector ¥ = xi + yj + zk irrotational? Justify. (DEC/JAN-2016) BTL5

7 7 k
7 =10 0 d
gxr /6x /ay / 0z
EIOES (y)] @ -2 @] +k|%0) -5 @)
=07+ 0]+ Ok =0.
Hence, 7 is irrotational.
25
Prove that 3x%yi + (yz — 3xy?)j — %k is a solenoidal. BTL5
) 2
7 V.F =—(3x y)+ ( 3xy2)+£(—%)
= (6xy) + (z - 6xy) +(EH=0
F is Solenoidal.
Show that F = (y2 — z% + 3yz — 2x)1 + (3xz + 2xy)j + (3xy — 2xz + 2z)k is both
o solenoidal and irrotational. BTL2

p_ 90 2 _ 2 _ 9 9 —
V.F=— (y*—z*+3yz—2x) + 3y (3xz + 2xy) + > (Bxy — 2xz + 2z)
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=(-2)+(2x)+ (—2x+ 2)

=0
- F is Solenoidal. VxF =
7 7 K
0 0 0
/(')x /ay /62

y? —z2+3yz—2x 3xz+2xy 3xy-—2xz+2z
s[o 0
=1 [5 (Bxy — 2xz + 2z) — o (3xz + ny)]

d 9]
—7|— - ——(v2 = 52 —
] [ax (Bxy — 2xz + 2z) % (y*—2z*+3yz 2x)]
+k [ I (3xz + 2xy) — > (y2 =22 + 3yz 2 ]
I Xz + 2xy 3y (y°—z Yz — 2x)

=[3x—=3x]I—[By —22) — (—2z+ 3y)]J+ [(3z + 2y) — 2y + 32)]E
VxF=0{+0]+0k=0
Hence, F is irrotational.

Find a such that F = (3x — 2y + 2)i + (4x + ay — z)j + (x — y + 2z)k is solenoidal.
BTL1

9 Given V.F =0
) d d _
Q(Bx—2y+z)+£(4x+ay—z)+E(x—y+22) =0
3ta+2=0
a+5=0 La=-—5
Find the constants a, b, ¢ so that
F = (x+ 2y + az)i + (bx — 3y — 2)] + (4x + ¢y + 2z)k is irrotational.
(DEC/JAN-2012) BTL1
VxF=0
10 7 7 k
0 d d -0
/6x /(’)y /az =0
x+2y+az bx—3y—z 4x+cy+2z
f[c+1] —j[4 —a] + k[b— 2] = 07— 0] + Ok
ie,c+1=04—-—a=0b—-2=0
~c=—-1,a=4,b=2
Prove that div ¥ = 3 and curl ¥ = 0. (DEC/JAN-2016) (NOV/DEC-2010) BTL5
11

F=xl+y] + zk
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>_ 9 9 LA - -
V.r—ax(x)+ay(y)+az(z) =1+1+1=3

-

[ j k
VxT= a/ax a/ay a/az
X y z

5@ -20|-T757® -5 @] +E[=0) - % @)

=0{+0/+0k=0

Prove that curl (grad ) =0 (NOV/DEC-2008) BTL5

grad @ =VQ
_ 790, 790 299
=13 + dy +k 9z
curl (grad @) =V x (V@)
" T F Kk
d 0 d
= /0x /ay /62
99 9 99
dx dy 0z
_w-o[0% 9%
- Z : [ayaz 0z0y
= Y1[0] (Since mixed partial derivatives are equal)
=0{+0/+0k=0
In what direction from (3,1, —2) is the directional derivative of @ = x?y?z* maximum?
Find also the magnitude of this maximum. BTL1
_ 790, 790 7990
V@—Lax+]ay+kaz
= {[2xy22z*] + J[2x2yz*] + k[4x2y?Z3]
Voo =1[2(3)(1)(16) ]+ j[ 2(9)(1)(16) |+ k[ 4(9)(1)(-8)]
13 = 96i +288 ] — 288K
=96(T+3T—3E)
The directional derivative is maximum in the direction of 96(T+3f—3l2)
Maximum value is |V ¢| :‘96(T+BT—3IZ)‘
=,/92?(1+9+9)
= 9619
Find the unit vector normal to the surface x? + y? = z at (1,—2,5). BTL1
14

Given ¢=X*+y* -z
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Unit normal vector ﬁ=V—¢ ............. (1)
IV¢|
ax ay az

= 1[2x] + j[2y] + k[-1]
V¢@%a=?ﬁ]+1P-]+kP-]

=21—4]—k
V| =22 + (—4)% + (—1)?

=VEi+16+1 =21
i—4j-k

_ s 2
”(1):”]_—@

Find the greatest rate of increase of @ = xyz? at (1,0,3) BTL1

-00 500

V®=—41—+k—
15 R
= 1[yz?] + Jxz?] + k[2xyz]
VQ) (1’0’3) == Oi) + 97 - OE
- Greatest rate of increase = |V@| = V92 = 9
B
State the physical interpretation of the line integral. J'If.dr BTL1
A
16
Physically ff F.dr denotes the total work done by the force F,in displacing a particle from
A to B along the curve C.
Define Solenoidal vector function. If V = (x+3y)i+(y—2z) j +(x+24z)K is Solenoidal,
find the value of 1. BTL1
If div F= 0, then F is said to be Solenoidal vector. V.F =0.
vV =i(x+3y)+g(y—22)+£(x+2/lz)
17 OX oy 0z

=1+1+24
=2+24
VV =0
2+21=0
A=-1

Find grad (r") where ¥=xi+yj+zk and r= M BTL1
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We know that ﬂ:_’ —=L ==
X r oy r oz r

18 rad (r") = i 9
> or
=Xi(nr")—
(nr'™) "
= (nr"?)r
Find grad (r) and grad (%) where r=xi+yj+zk and F=| F| BTL1
T
oX r
_r
19 r
1
a(j ]
grad (l) = Zf_r = (_%)&
r OX r<)r
—r
T
Find the unit normal to the surface x> + xy+z° =4 at (1,-1,2). BTL1
n= Vo
Vol
= 0¢
Vg=%1—
/ OX
20 Given:
X* +xy+2° =4 Point(1,-1,2)
V¢ =i+ j+4k
|IVé|=1+1+16 =18
rA] B i+ ] +4k
32
Prove by Green’s theorem that the area bounded by a simple closed curve is
21

1 I (xdy — ydx)
2
¢ BTLS
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By Green’s theorem:

Given that

1 11
E.C[xdy— ydx :'L‘.-(E-i_ijd)(dy

= J:f dxdy. whichaarea bounded by a simple closed curve'c'
R

—

Find V[V.((x2 —yz)i+(y*-xz)j+(2° - xy)lz)} at the point (1,-1,2). BTL1

— 0 0 0
V.F=—(X*-vyz)+—(y*— x2) + — (2= X
6x( y)+ay(y )+az( y)

=2X+2y+22
22 V.E(l,—l,Z) =2-2+4
=4
Grad(V.F)=V(V.F)
:T§(2x) +]%(2y) +R§(22)
=2i+2j+2k
Find the directional directive of ¢(X,y,z) =Xy’+ yz° at the point (2,-1,1) in the direction
of the vector i+2j+3k. (DEC/JAN-2014) BTL1
23

—

Directional derivative(D.D)= V¢.%
a
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Given:
d(x,y,2) =xy? +2%y, a=i+2j+3K
V@i 12 =T+2]+4E, |a|:\/ﬂ

. = = (T+2]+3E)
DD=(+2j+4k).———=
(i+2]j+4k) N
17
NS

If F is irrotational and C is closed curve then find the value of j?.df BTL1
By Stokes theorem j F.dr = ”(Vx IE).ﬁds

Since Fis irrotational .. VXF=0
fF dr _”(VXF nds

> —J'.[O nds
=0
Prove that V(logr) = L2 (NOV/DEC-2014) BTLS
wehave F =xi +yj+zk and r=|f|=x*+y* +2°
2 ar _X ar y or z
r’=x"+y’+z =2 —==
"ox T 6y r oz r
V(logr) = 8(Iog r) i o(logr) K o(logr)
OX oz
a(larJ ~(Llor »(mrj
=l|==|+]|-—— |+k| =—
r ox r oy r oz
25 =1[§r+lj+£g}
ree rooor
1

PART-B

Prove that V(r")=nr"?*r.
(May/June 2003,2008)(8 M)BTL5
Answer : Refer Page No.2.5- Dr. M.CHANDRASEKAR
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e v =
r

Xi +yj+2zK [=nr"?2F (4 M)
I ]

Prove that Curl (Curl F) = V(divF)—V?F
(May/June 2003,2008) (8 M)BTL5
Answer : Refer Page No.2.36- Dr.M.CHANDRASEKAR

—

k

;
o Vx(VxF)=| % ey %, | BM)

o) OF, Of o OF, OR
oy o0z 0z OX OX oYy

. Vx(Vxﬁ)zZ{%(divﬁ)—Vz ﬁl}f (3 M)

For proving

Curl (Curl F)=V(divF)-V2F (2 M)

Prove that F=(y?cosx+2°)i+(2ysinx—4)j +3xz?k is irrotational and find its scalar

potential.(8 M) BTL5
Answer : Refer Page No.2.33- Dr.M.CHANDRASEKAR

—

i j k
3. e VxF= %x %y %Z =0 (2M)
y>cosx+z° 2ysinx—4 3xz°
¢ =y*sinx+xz* + f(y,2)
o ¢ =Yy'sinx—4y+ f(x,2) (4 M)
¢3=xz3+f(x,y)
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o P=Yy’sinx+xz’-4y+c (2M)
Prove that F=(6xy+2°) i+(3x* —2) j + (3xz2 —y)k is irrotational and find its scalar
potential (NOV/DEC 2015,R-13)(8 M) BTL5
Answer : Refer Page No.2.32- Dr.M.CHANDRASEKAR
i i K
= _| O 0 %) _
4 e VxF= AX /9y éz =0 (2M)
' (6xy+2°) (3x*—z) (3xz*-vy)
¢ =3xy+x2>+ f(y,2)
o ¢ =3xy—yz+f(x2) (4 M)
¢, =x2°—yz+ f(x,y)
o ¢=3xy+x2’-yz+c (2 M)
Prove that F=(y?+2xz%) i+ (2xy—2) ] + (2232 —y+22)k is irrotational and find its
scalar potential. (8 M) BTL5
Answer : Refer Page No.2.47- Dr. M.CHANDRASEKAR
i i K
= %) 0 0 _
5 « VxF=| 9L %ﬁy %, |=0  @m)
' (y> +2xz%) (2xy—12) (2z2x* —-y+22)
¢ =xy°* +x2° + f(y,2)
o ¢=xy°-yz+f(x2) (4 M)
B =X2"+xy* —yz+ f(X,y)
o J=X’+xy’-yz+c (2M)
Prove that F=(y+z)i+(z+X)j+(x+Y)K is irrotational and find its scalar potential.
(8 M) BTL5
Answer : Refer Page No.2.46- Dr.M.CHANDRASEKAR
> 7K
= _| O 0 0 _
o VxF= éx Ay éz =0 (2M)
(Y+2) (z+X%) (X+y)
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@ =xy+xz+ f(y,z)
o ¢ =xy+yz+ f(x12) (4 M)
g=x2+yz+ (X, y)

o @=XL+Xy+Yyz+c (2M)

Evaluate by Green’s theorem I(xy+ x2)dx +(x* + y*)dy where C is the square formed by
C

x=-Lx=1Ly=-1y=1 (May/June 2016 R-13) (8 M) BTL1
Answer : Refer Page No.2.75- Dr.M.CHANDRASEKAR

Iudx+vdy “(———jd xdy

7 (4 M)

ou ov
u=xy+x’,v=x*+y> = —=x—=2X

oy OX

o I(xy+x Ydx +(x* +y?)dy = Ijxdxdy (2 M)

-1-1

. I(xy +x)dx+(x* +y>)dy =0 (2 M)

Verify Green’s theorem I(xy+ y?)dx +(x*)dy where C is the closed curve of the region
C

bounded by y=x and y=x> (May/June 2013 R-13) (8 M) BTL3
Answer : Refer Page No.2.78- Dr.M.CHANDRASEKAR

j U+ vay = ] (@—a—“j dxdy

2 M)
ou
8. u=xy+y*v=x° :5=x+2y,—=2x

OX

1y B
ﬂ(@—a—”]dmy#j(x—2y)dxdy=2—; 2M)

1 0
.[(xy +yH)dx +(x?*)dy = Along OA + Along AO :J‘(x4 +3x3)dx+_[(3x2)dx
C 0 1

(2 M)
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j(xy+y Ydx +(x )cly_19 1:;—; 2 M)

Verify Green’s theorem J' (x> — xy*)dx +(y*—2xy)dy where C is the square with vertices
C

(0,0),(2,0),(2,2),(0,2) (May/June 2003) (8 M) BTL3
Answer : Refer Page No.2.80- Dr.M.CHANDRASEKAR

j U+ vay = ] (Q—a—”jdxdy

. 2 M)
u=x*-xy’,v=y’- 2xy:>a—:—3xy2 v _ -2y
oy ox
9, v ou (1 oy u2
o ——— |dxdy =] | (3xy“—-2y)dxdy=8 (2 M
55 -] R

J.(xz —xy®)dx +(y*—2xy)dy = Along OA + Along AB+ Along BC +Along CO

=[O )ac [ (- 4y)ay + [ (¢ -8x)ax+ [ (vl

2M)

8 16 40 8
d —2xy)dy=—-—-—+—--=8 2M
[0 =y )dry* = 2xy)dy =2 -+ -2 M)

Cc

Evaluate by Green’s theorem I(y—sin x)dx +(cos x)dy where C is the triangle OAB
C

where O =(0,0),A= (% : oj, B= (%1} (May/June 2015 R-13) (8 M) BTL3
Answer : Refer Page No.2.82- Dr.M.CHANDRASEKAR

10. Iudx+vdy H(———jd xdy

ou ov
u=y-sinx,v=cosx=—=1—
oy OX

(4 M)
=-sin X

z 2x

J.(y—sin x)dx +(cos x)dy = f j (-sinx=1)dxdy (2 M)
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72 +8

4 j @M

j(y—sin x)dx +(cos X)dy = —(

Apply Green’s theorem to evaluate J.(3X2 —8y*)dx +(4y—6xy)dy where C is the
C
boundary of the region defined by x=0,y=0 and x+y=1 (NOV/DEC 2014 R-13) (8 M)

BTL3
Answer : Refer Page No.2.83- Dr.M.CHANDRASEKAR

j udx +vdy = j j (———jdxdy

11. (4 M)
u=-8y*+3x’,v=4y— 6xy:>a———16y o 4 -6y
oy ox
11-y
I(Sx —8y*)dx +(4y-6xy)dy = IIlOydxdy (2 M)
j(3x2 —8y?)dx +(4 y—6xy)dy :g (2 M)
C
Verify Gauss Divergence theorem F=xy?i +yz2j +zx?k over the region bounded by
x=0,x=4,y=0,y=2,2=0,z=3 (May/June 2012 R-08) (16 M) BTL3
Answer : Refer Page No.2.96- Dr.M.CHANDRASEKAR
. HE.nds:mv.Edv (2 M)
S \
12.

o VF=y+x*+7° (2 M)
[[[vFdv=]
\ 0

”E.nds=8+0+18+0+2+0=28 (8 M)
S

(y? + x> +2%)dxdydz =28 (4 M)

O ey N
O ey

13.

Verify Gauss Divergence theorem F= (x* — yz)i +(y? —zx)j + (2 —xy)k over the

rectangular Parallelopiped 0<x<a,0<y<hb,0<z<c (May/June 2009 R-08)
(16 M) BTL3
Answer : Refer Page No.2.99- Dr.M.CHANDRASEKAR

JIT-JEPPIAAR/S&H/MATHEMATICS//1 Yr/SEM 01/MA8251/ENGINEERING MATHEMATICS-II/UNIT 1-5
/1QB+Keys/Verd.0

31




REGULATION : 2017 ACADEMIC YEAR : 2020-2021

o [[Fnds=[[[vFayv (m)
o V.F=2x+2y+2z (2 M)

e 0 V.Edv:Zi

\

A 2.2 2.2 2.2
ij.nds: azbc—bc + bc +| p2ac—2C
4 4 4
2

O e T

I(x +y+2z)dxdydz = abc(a+b+c) (4 M)
0

S

a’c? ., b%a? b’a
. + +| c*ba - +
4 4 4

” F.nds = abc(a+ b+c)

S

j (8 M)

Verify Gauss Divergence theorem for F=x%i + y*j + z°k over the cube bounded by
X=0,x=a,y=0,y=a,z=0,z=a (May/June 2014 R-13) (16 M) BTL3
Answer : Refer Page No.2.106- Dr.M.CHANDRASEKAR

[[Fngs=[[[v.Fav @m)

S

14, _
e V.F=3y*+3x*+37° (2 M)
. _mV.Edv = ”_[(By2 +3x%+3z%)dxdydz =3a° (4 M)
V 000
. ”E.nds —a°+0+a°+0+a°+0=3a°" (8 M)
S
Verify Gauss Divergence theorem for F= 4xzi —y?j +zyk over the region bounded by
x=0,x=Ly=0,y=12z=0,z=1 (May/June 2012 R-08) (16 M) BTL3
Answer : Refer Page No.2.109- Dr.M.CHANDRASEKAR
15.

. ij.ﬂds:jjv.Edv (2 M)
e VF=4z-y (2M)

. g V.Edv:JjﬂMz—y)dxdydz:g (4 M)
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. ”E.nds=2+o—1+0+1+0=§ (8 M)
- 2 2

16.

Verify Gauss Divergence theorem for F=yi +xj + 22k over the cylindrical region

bounded by x*+y*=9,z=0 and z=2  (Dec/Jan 2015 R-13) (16 M) BTL3
Answer : Refer Page No.2.103- Dr.M.CHANDRASEKAR

[[Fnds=[[[v.Fav  @m)

S \Y

V.F=2z (2 M)

3 o 2
[[[vFdv=] [ [2zdxdydz=367 (4Mm)
\

3 _\9-x2 0

”E.nds=0+36;r+0=367z (8 M)
S

17.

Verify Stokes theorem for F= (x*> +y?)i —2xyj taken around the rectangle bounded by
Xx=1a,y=0,y=b (May/June 2004) (16 M) BTL3
Answer : Refer Page No.2.122- Dr.M.CHANDRASEKAR

o [Fdr=[[(vxF). nds (@wm)

-

i K
= _| O 0 o/ |- _avk
VxF = AX /3y AZ =—-4yk (2 M)
xX*+y*) —-2xy 0

[[(7xFy. ﬁds=_T

S 0 -

a

(-4y)dxdy =—4ab®> (4 M)

3

jfﬁ —AB+BC+CD+DA= (%agj—(abz)—(Zabz +2%J—(ab2) — _4ab?
C

(8 M)

18.

Verify Stokes theorem for F= (x> —y?)i +2xyj taken around the rectangle bounded by
x=0,x=a,y=0,y=b (May/June 2004) (16 M) BTL3
Answer : Refer Page No.2.124- Dr.M.CHANDRASEKAR
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o [Fdr=[[(vxF). nds (2m)

-

i ok
=_| o 8/ O/ |—avk
e VxF= AX /ay éz_4yk 2 M)
x*-y) 2xy 0

A b a
o« [[(vxF). nds=[[(ay)dxdy=2ab* (4 M)
S 00
— a’ a’
e [Fdr-0A+AB+BC+CO= 5 +(ab®)+ ab == |+(0) = 2ab*
C

(8 M)

Verify Stokes theorem for F=x% +xyj integrated around the square in z=0 plane
whose sides are along the lines x=0,x=a,y=0,y=a (May/June 2008) (16 M) BTL3
Answer : Refer Page No.2.126- Dr.M.CHANDRASEKAR

o [Fdr=[[(vxF). nds (2m)

i ik
= _ |0 0 o/ |= vk
10, VxF = éx /3)/ éz =vk  (2M)
X xy 0

JJ ) ads=ijj(y)dxdy:%3 M)

3 3 3 3
J‘E.ﬁ:OA+AB+BC+CO: a + a I P
2 3 2 3 2

(8 M)

Verify Stokes theorem for F= (y—z+2)i +(yz+4)] —xzk where S is the open surface
of the cube x=0,x=2,y=0,y=2,2=0,z=2 above the xy-plane (May/June 2005)
20.| (16 M) BTL3

Answer : Refer Page No.2.132- Dr. M.CHANDRASEKAR
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[Far=[[(vxF). nds  (2m)

— —

i j k
=_| o 8/ 0/ | \isl(r_Di_K
VxF = éx /9y AZ_ yi +(2-D)j-K 2 M)

y—-z+2 yz+4 —xz

[J (vxF). nds = (—4) + (4) + (4) + (-4) + (-4) =—4 (4 M)

[ F.dr =0A+ AC +CB+BO = (4)+(8)+(-8)+(-8) = (—4)

(8 M)

21.

Using Stokes theorem to Evaluate .[ﬁ& where F= (V)i + (X)) ] =(x+2)K
C
and C is the boundary of the triangle with vertices (0,0,0), (1,0,0) and (1,1,0)

(8 M) BTL3
Answer : Refer Page No.2.137- Dr.M.CHANDRASEKAR

o [Fdr=[[(vxF). nds (2m)

i i K
. vXﬁ:%X %y %Z —j+2x-y)k  2M)
yo X2 —(x+2)

. H(VXF). ﬁds:jfz(x—y)dydx% (4 M)

UNIT-11I ANALYTIC FUNCTIONS

Analytic functions — Necessary and sufficient conditions for analyticity in Cartesian and polar
coordinates — Properties — Harmonic conjugates — Construction of analytic function —

Conformal mapping — Mapping by w=z +c,cz,l, z% — Bilinear transformation
z

PART-A

Show that the function f(z)=z is no where differentiable. (DEC/JAN-2013)
(NOV/DEC-2015) BTL2
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Given

w=f(z)=z2

SLU+iv=X—ly=u=x,v=-y
u, =1v, =0
u, =1, v, = -1
SUGEV,

So C-R equations are not satisfied for any x and y.
=~ f(z) is not differentiable anywhere. Hence not analytic anywhere.

Test the analyticity of the function w=sinz BTL4

Given w=sinz
u+iy =sin(x+1iy)
=sin X cosiy + cos xsin(iy)
=sin xcosh y+icosxsinhy
— u=sinxcoshy; v=cosxsinhy

Uy = cos xcosh y; Vo = —sin xsinh y
u, =sinxsinhy; v , =cosxcoshy
y y
Uy =vy, uy =—V,

So C-R equations are satisfied for all any x and y and uX, ,uy, Vx’vy are continuous

=~ f(z)is analytic everywhere.

Find the constants a,b,c if f(z) =x+ay-+i(bx+cy)is analytic. (DEC/JAN-2014) BTL1

Let u+iv=f(2)
Since f(z) is analytic, u and v satisfy the C-R Equations.

u =v., U =-—YV
X Yy Y X

hereu = x+ay,v =bx+cy
u, =1 v, =b
X

u =a, v. =cC
Yy y

u =v. =>c=1
X

u =—vVv, =a=-b
y X

Show that u =2x—x>+3xy? is harmonic BTL2
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Given
u=2x—x>+3xy?
2 2.
u, =2—-3x"+3y~;u, =6Xxy
u,, =—6Xx; u,, =6Xx

U +U, =—6X+6x=0.
Therefore u is harmonic

Show that the function u=y-+e*cosy is harmonic BTL2

Given
u=y+ecosy
u =e*cosy, u, =l+e’(=siny)
U, =€*cosy, u, =—e*cosy
X X
u, +u, =e"cosy—e cosy=0

Therefore u is harmonic

Show that x*+iy® is not analytic anywhere. BTL2

Let
u+iv=x*+iy®
su=x, v=y°
u,=2x, v, =0
u, =0, v, =3y’
U #EV, U =V
=~ The function is not analytic.
But, when x =0, y =0the C-R Equations are satisfied.

For the conformal mapping f (z) = z2, find the scale factorat z=i BTL1

Given
f(z) = 2%,
s f(2)=22

Scale factor at z=i js | f'(i)|H2i]=2

Find the image of x= 2 under the transformationw = 1 BTL1
z
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. 1 1 w
Given W=—=7=—=—
z W ww
. u—iv
= X+iy=——
us+v
.X_ u
BTV
. . u u o
«. The image of x=2 is —— =2=u”+v’—— =0which isacircle in the
us+v 2
w — plane.
. . . 1
Find the image of x =k under the transformationw ==. BTL1
z
: 1 1w
Given wW=—=7=—=—
z W oww
= X+iy= u-v
9 u? +v?
.X_ u
U ur 4V

= The image of x=K is 2u =k:>u2+v2—E=0Whichisacircleinthe

u?+v?2

w — plane

BTL1
Givenw =3z
|w|=3|z]
10 =3x2
=6

=~ The image of the circle | z|=2 is the circle |w | =6 in the w-plane.

AU +Vv? =86,

= u? +v? =36, whichis a circle

Find the image of the circle | z|= 2 under the transformation w =3z .(NOV/DEC-2014)

11

Given w=2z+3+2i

Find the image of the circle |z|=2 under the transformationw =z +3+2i. BTL1
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U+iv=X+iy+3+2i
T U=Xx+3= X=u-3
V=y+2= y=v-2
[z|=2= X +y* =2
= X +y’=4
= U-3)°+(v-2)7°=4

12

Find the image of the line x—y+1=0 under the map w:l. BTL1
z

. 1 1
Given w=—=1z7=—
z w
u—iv
u® +v?

u y= -V
u?+v: 7 Ut +v?

The image of the linex—y+1=0 is

u v

—— +———+1=0
u?+v:  ut+v
= u®+Vv? +u+v =0 which is a circle in the w—plane

él‘él

= X+iy=

SoX=

13

6z-9
Z

Find the fixed points of the transformationw = .BTL1

6z-9
—
The fixed points are given points by

The given transformation w =

W=z
6z-9
z
= 7°=6z-9
= 7°-6z-9=0
= (z-3)*=0
= 7z=33

= 7=

14

Find the fixed points of the mapping w = :13_—2 .BTL1
+2

The given mapsw = 3-2
1+z
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REGULATION : 2017

The fixed points are given by w =z
=372 o3,
1+z
=7+2°-3+2=0
=7°+22-3=0

= (z+3)(z-1) =0

=z=-31
Find the fixed points of the mapping w = 22 +76 .(DEC/JAN-2015) BTL1
Z+
The given map is w = 22 +6.
Z+7
The fixed points are given byw =z
S 2:22+6:>72+22:22+6
Z+7
=72+7°-271+6=0
=7°+52-6=0
= (z+6)(z-1) =0
=17=1-6
Find the bilinear map which maps points o,i,0 of the z plane onto 0,i, of the
w-plane. BTL1
Given z, =, 2z, =1,z, =0which are mapped ontow, =0,w, =i,w, =
Since z, =0 & W, =co0 omitting the factors involving z; &w,
16 The Bilinear map is,
W-W, Z,-1,
W, —W, Z-1Z,
w-0_i-0
i— z
1
SW=—=
4
Define the Conformal Mapping. BTL1
Definition:
17 A transformation that preserves angles between every pair of curves through a
Point, both in magnitude and sense, is said to be conformal at that point.
18 State sufficient condition for analytic function. (DEC/JAN-2016) BTL1
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If the partial derivativesu,, u , v,, andv, are all continuous in D and u, =v,, u, =-v,.
Then the function f(z) is analytic in a domain D.

Find the constants a, b if f(z) = x + 2ay + i(3x + by) is analytic. BTL1

Given f(z) = x + 2ay + i(3x + by) is analytic.

=SU =V, U ==V, @

19 Here u=x+2ay and v=3x+by
Thus (1) gives
1=b and 2a=-3
:>a:—§andb:—1
2
State the Cauchy Riemann equations in polar coordinates satisfied by an analytic
Function. BTL1
20 Cauchy Riemann equations in polar coordinates are given by
1
e =1 Vo and v, = ! where uand v are functions of r and 6.
Find the critical points of the transformation w = 1 + % (NOV/DEC-2016) BTL1
The critical points of the transformation are obtained by
f'(z)=2z
21
Hence — % =0
z
2 p
0
= z =0 is the critical point of the given transformation.
Find the image of the region x > ¢, where ¢ > 0 under the transformation w = % BTL1
1 1
wW=—.2z2=—
VA w
Letz=x+iyandw =u+iv
29 <t iv = 1 u-—iv _u-—iv
AT (u+iv)(u—iv) u? + v2
W2 +v2 and l}jzuz + v?
X>CcC=>2xXx=—"—-2>C¢C
u? + v?

u > cu® + cv?
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u
w4+ v < —
L€

U.2+V2—E<0.

This refers to the inside of the circle center (%, 0) and radius 2—1C

23

Show that an analytic function with constant real part is constant. BTL2
Let f(z) = u + iv be analytic.
= Uy = Uy and U, = —Vy
Given that u = constant.= c(say).= u, =0 and v, =0

>u,=0 and —v, =0

= Vv is independent of x and y.

= v IS constant

= f(z) = u+iv = c+ic isaconstant.

24

Find the critical points of the transformation w? = (z — a)(z — ). (DEC/JAN-2010)
(NOV/DEC-2016) BTL1

Let w2 =(z—a)(z—p).
Then, ZWZ—‘/Z‘I: (z—a).1+(z-pB).1
The Critical points of w = f(z) is given by,
%:0:(z—a).1+(z—ﬁ).1=0 =z =
AISO,£=0:>#W(ZB)=O >w=0z-a)+z-B)=0 =>z=aqa,p.
The critical points are z = a, §,—

ath

a+ﬁ

25

Write cross ratio of four points. (NOV/DEC-2018) BTL1
The cross ratio of four points, 222 (Ws=Wa) _ (2175)(25 %)

is invariant under the bilinear
(Wa—w3)(Wa—w1)  (22-23)(Z4—71) S ariant under the bilinea

transformation

26

Verify f(z )= 2% is analytic or not. BTL3
Let f(2) = u + iv = Z°=(x+iy)®
u+iv = (x3 - 3xy?) + i(3x%y — y3)
u = (x3 —3xy?)and v = (3x2%y — y3)
uy = 3x* — 3y?) and u, = —6xy
vy = 6xy and v, = (3x* —3y?)
u, = vyand u, = —v,.Hence the C-R Equations are satisfied.

Therefore f(z )= 23 is analytic

27

If f(z) = u + iv is an analytic function ,prove that u is a harmonic function. BTL5

. . Ou v Ju —dv
f(z) =u+ivbe analytlc.a =3 By T e (D

Now, —+£—i(a—u)+i(a—u) =2 (av)+ i ( ) (since by (1))

dy? dx \dx dy \dy dx \0y ay

)
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_0%v 0% — o
~ 0xdy Odydx

~ u is harmonic

PART-B

2 2

If f(z) isan analytic function, Prove that (%+%)| f2)f = 4‘f '(Z)‘z

(NOV/DEC 2014) (8 M) BTL5
Answer : Refer Page No0.3.31- Dr.M.CHANDRASEKAR

e C-R Equations are u, =v,,u,=-v,  (2M)
R BESRE R
ox% oy O OX oy oy

¢ o 2 auY (ovY PN
[y+yJ|f(z)| =4K&j +£&j }4\1‘ @) @m)

2 2

If f(z)=u+iv isanalytic, Prove that 6_2+6_2 log| f (2)|=0
ox: oy
(MAY/JUNE 2002) (8 M) BTL5
Answer : Refer Page No0.3.33- Dr.M.CHANDRASEKAR
e C-REquationsareu, =v, ,u =-v, (2M)
(U? +VA)[ug +v; +u? +v; +u(u, +u,)

[52 52 jl0g|f(z)|= +V(V, +V,, ) — 2[(uu, + W, )* + (uu,+w, )’] (4 M)

_+_

ox*  oy? (U® +v?)?

Since the function f(z) is analytic, it satisfies C-R equations and hence

e thefunction is harmonic. 2 M)
2 2

[ 21+ 2 iog|(2)]=0

ox°~ oy
Prove that u=x*—y?*,v= Z_y ~ areharmonic but u+iv is not regular function.
X“+y

(NOV/DEC 2013) (8 M) BTLS5
Answer : Refer Page No.3.44- Dr.M.CHANDRASEKAR
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e For Provingu is harmonic u, +u,=2-2=0 (2M)

2y° 6x2y}r£ (2y‘°’ 6x2y)} B

OC+yRP )| OC+yY |

e For Provingv is harmonic v,, +v,, :[

(2 M)

e Butu,=v,,u #-v, = f(z)=u+ivis not a regular function (2 M)

In a two dimensional flow, the stream function is y = tan{xj Find the velocity
X

Potential ¢ . (NOV/DEC 2016) (8 M) BTL1
Answer : Refer Page N0.3.50- Dr.M.CHANDRASEKAR

4. oy -y . oy X
° —= , — = 2M
ox  XP+y* oy xXP+y? @M
oy oy
o =|| —dx——d 2M
4 j[ﬁy ~ yj (M)
e g=log(x*+y?)+c (4 M)

Show that the function u :%Iog(x2 +Yy?) is harmonic and find its harmonic conjugate

(MAY/JUNE 2016) (8 M) BTL2
Answer : Refer Page N0.3.52- Dr.M.CHANDRASEKAR

LU x oy

= ; 2M
5. oXx X+y* oy X4y M)

yz _x2 yz _x2
» For Provingu is harmonic u, +u, :((xz N yz)zJ{— R j =0 (2M)

. v:tanl(%)+c (4 M)

Prove that e*[xcosy —ysin y] can be the real part of an analytic function and

6 determine its harmonic conjugate (NOV/DEC 2013) (8 M) BTL5
| Answer : Refer Page No0.3.55- Dr.M.CHANDRASEKAR
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%uzexxcosy+eX cosy—e‘ysiny

. aij( (2 M)
— =—e"xsiny—e*ycosy—e*siny
oy

For Provingu is harmonic
Uy, +Uy, =(e*xcos y+2e"cos y —e"ysiny ) +(—e*xcos y — 2¢* cos y +e*ysin y) =0

2 M)

e v=e'xsiny+e‘ycosy+c (4 M)

Find an analytic function f(z)=u+iv whose real partis e*[xcosy-ysiny] (8 M)
BTL1
Answer : Refer Page No0.3.64- Dr.M.CHANDRASEKAR

(2—u: e*xcosy+e*cosy—e*ysiny

X

Y (2M)
7 gz—exxsin y—e*ycosy—e*siny

a—u(z,O):eZ+zeZ
OX
. au( 00 (2 M)
—(z, —
oy

f(z)=ze*+cC (4 M)

Find an analytic function f(z)=u+iv whose real partis e”*[xcos2y—ysin2y](8 M)
BTL1
Answer : Refer Page No0.3.66- Dr.M.CHANDRASEKAR

Z—u =2e”xc0os2y +e°* cos2y —2e*ysin 2y
X
. (2 M)

8 %uz—ZezxxsinZy—Ze“ycosZy—e“sin 2y

Z—U(Z,O) =e?* +27e*

X

* A (M)
—(2,0)=0
oy

JIT-JEPPIAAR/S&H/MATHEMATICS//1 Yr/SEM 01/MA8251/ENGINEERING MATHEMATICS-II/UNIT 1-5
/1QB+Keys/Verd.0

45




REGULATION : 2017 ACADEMIC YEAR : 2020-2021

o f(2)=ze%"+c (4 M)-
Prove that the function v=e[xcosy + ysin y] is harmonic and determine the
corresponding analytic function f (z) =u+iv (8 M) BTL5
Answer : Refer Page N0.3.69- Dr.M.CHANDRASEKAR
ov x X Xy i
&z—e XCOSy+e “cosy—eysiny
* v 2 M)
—=—-e"xsiny+e*ycosy+esiny
9.
For Provingu is harmonic
* -X H —X H (2 M)
V +V,, = (e [(x—2)cosy+ysin y])+(e*[(2—x)cos y—ysin y]) =0
?(2,0) _e7(1-2)
X
* 2 M)
—(z,0)=0
oy
e f(2)=ize?+cC (2 M)
. sin 2x ) ) ) i
Given that u = find the analytic function whose real part is u.
cosh 2y —cos 2x
(NOV/DEC 2014)(MAY/JUNE 2006) (8 M) BTL1
Answer : Refer Page No.3.71- Dr.M.CHANDRASEKAR
10.
Z—U(Z,O) = —Cosec’z
W “4M)-
—(z,0)=0
oy
e f(z)=cotz+c (4 M)
If f(z)=u+iv isanalytic, find f(z) given that u+v= sin 2x
1 cosh 2y —cos 2x
| (NOV/DEC 2015) (8 M) BTL1
Answer : Refer Page No.3.74- Dr.M.CHANDRASEKAR
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g(z,O) = —C0sec’z

. OX @M
ﬁ(z,O) =0
oy

. f(z):(%jcotﬁc (4 M)

Find the image of |z—3|=3 under the mapping W=1
z

(NOV/DEC 2010) (8 M) BTL1
Answer : Refer Page No.3.108- Dr. M.CHANDRASEKAR

12.
u —V
° X = & = 4 M
TRV ATy “4M)
e The image of the circle |z —3|=3 is the straight line u :% (4 M)
. . . . 1
Find the image of |z+i|=1 under the mapping w==
z
(NOV/DEC 2013) (8 M) BTL1
Answer : Refer Page No.3.109- Dr.M.CHANDRASEKAR
13.
u —V
) X = & = 4 M
e ST “4M)
o The image of the circle |z +i| =1 is the straight line v =% (4 M)
. . . 1
Find the image of 1<y <2 under the mapping w==
z
(MAY/JUNE 2014) (8 M) BTL1
Answer : Refer Page N0.3.110- Dr.M.CHANDRASEKAR
14.
u —V
° X= & = 4 M
e TR “4M)
e 1l<y<2 is mapped onto the region between the circles
u®+vi+v=0 and 2(u®+v?)+v=0 (4 M)
15.| Find the image of |z-2i|=1 under the mapping W=1
z

(NOV/DEC 2007) (8 M) BTL1
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Answer : Refer Page No.3.112- Dr.M.CHANDRASEKAR

Find the bilinear transformation which maps —1,-i,1 in the z-plane «,i,0 in the w-

plane respectively. (8 M) BTL1
Answer : Refer Page No.3.132- Dr. M.CHANDRASEKAR

16.
° (W_W1)(W2 _Ws) _ (Z_ Zl)(ZZ_ 23) (2 |\/|)
(W_Ws)(wz _Wl) (Z_ 23)(22_ 21)
. W= M (6 M)
@+2)
Find the bilinear transformation which maps «,i,0 onto 0,i,o respectively. (8 M)
BTL1
Answer : Refer Page No.3.133- Dr.M.CHANDRASEKAR
17. (w—w,)(w, —w;) _ (2-7)(2,~ 2,) 2 M)
(W_Ws)(Wz _Wl) (z- 23)(22_ 21)
e W= -1 (6 M)
z
Find the bilinear transformation which maps z=1,0,—1 onto w=o0,—1,0 respectively.
(8 M) BTL1
Answer : Refer Page N0.3.133- Dr. M.CHANDRASEKAR
18. (W_Wl)(WZ _Ws) _ (z- Zl)(ZZ_ 23) (2 M)
(W_Ws)(Wz _Wl) (z- 23)(22_ 21)
° W= Z_+1 (6 |\/|)
z-1
Find the bilinear transformation which maps —1,0,1 onto —1,—i,0 respectively. Show
that under this transformation the upper half of the z-plane maps onto the interior of
the unitcircle |w|=1 (8 M) BTL1
19 Answer : Refer Page N0.3.134- Dr.M.CHANDRASEKAR

(W_Wl)(WZ _Ws) — (Z_ Zl)(zz_ 23) (2 |\/|)
(W_Ws)(Wz _Wl) (Z_ 23)(22_ 21)
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o Wz% 2 M)
e B g D
u+(v-1 u+(v-1

e For proving the upper half of the z-plane maps onto the interior of the unit circle

lw|<1 (2 M)

UNIT IV- COMPLEX INTEGRATION

Line integral — Cauchy’s integral theorem — Cauchy’s integral formula — Taylor’s and
Laurent’s series — Singularities — Residues — Residue theorem — Application of residue theorem
for evaluation of real integrals — Use of circular contour and semicircular contour.

Q.No. | PART-A
State Cauchy integral theorem. (NOV/DEC 2014)(MAY/JUNE 2016) BTL1
1 If a function f(z)is analytic and its derivative f'(z) is continuous at all points inside
and on a simple closed curve C, thenJ' f(z)dz=0.
c
State Cauchy integral formula. BTL1
’ If f(z) is analytic inside and on a simple closed curve C in the region R and if ‘a’ is any
point in R then j% dz = 2rif (a) where the integration around C taken in the positive
direction. i
State Cauchy integral formula for derivatives. (NOV/DEC 2010) BTL1
If a function f(z) is analytic within and on a simple closed curve ¢ and ‘a’ is any point
3 lying in it, then
J- f(z2) d7 = % f"(a) ; alies inside c
2(z-a)"” 0 a lies outside ¢
State Cauchy Residue Theorem (NOV/DEC 2012) BTL1
4 If f (z) is analytic at all points inside and on a simple closed curve C except at a Finite

number of points  z,, z,,7,......... ,Z, inside C then
j f (2)dz = 2i[sumof residues of f(z)]
C
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Evaluate J'— where C is the square with vertices (0,0), (1,0), (1,1), (0,1). BTL5

Given C is the square with vertices (0,0), (1,0), (1,1), (0,1). ie) x=1,y=1.

Since Id—zz Equating the denominator to zero. z—2=0, = z=2. Which lies
Z —_

outside C.

322 +7z+1

Evaluatej' dz where Cis |z|=2 BTL5

Given |z| =2 that s, x? + y* = 2% with center (0,0) and radius 2.

2
Given _[32;—7§+1dz . Equating the denominator to zero.

(z2-3)" =0 = z =3 which lies outside C.

2
.. By Cauchy’s integral formula I %L dz=0.
J —

COos 7z

EvaluateJ' dz where Ciis |z|=2 BTL5

Given |z|=2 thatis, x? + y* = 2% with center (0,0) and radius 2.

Y L dz . Equating the denominator to zero. z—-1=0, = z=1.

Given I

Which lies |nS|de C.
.. By Cauchy’s integral formula J gz =27 f(a).
z—a

Here a=1, f(z)=coszz= f(a)=f (1) =cosz =-1.

ICOSZZ dz =27i(-1) =—-2xi.

C

Evaluate [tanzdz where Cis |z =2 (NOV/DEC 2015) BTL5
C

Given |z| =2 that s, X® + y* = 2% with center (0,0) and radius 2.

Given Itan zdz = I&dz Equating the denominator to zero.

C0Sz

Cosz=0= cos% — 7= % —1.732 . Which lies inside C.
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9 _rit(a).

..By Cauchy’s integral formulaj
C

T . V4 . T
Here a=—,f(z)=sinz= f(a)=f(=)=sin—=1.
5 (2) = f(a) (2) >

_[tan zdz =27i(1) =27i
C

Evaluate the integral J'(zz +22)dz where Cis |z|=1 BTL5
C

9 Given|z|=1. thatis, X°+ y* =1 with centre (0,0)and radius 1.
f (z) = z* + 2z is a function which is analytic in the region bounded by C
Hence by Cauchy’s theorem I(ZZ + ZZ)dZ =0.
C

z
Find the contour C: |Z| <1 for which _[ e2 dz=0. BTL1

c(z+1) (z+D)

10 oZ
Ifdz =0 when |z| <1
c(z+1) (z+)
[since the points lies outside the contour, then the integral value is 0.]
dz .
Evaluatej > Where Cis |z|=1 BTL5
c(z-3)
Given |z|=1. that is, ) x* + y* =1 with center (0,0) and radius 1.
11
I az 7 . Equating the denominator to zero. ( z —3)2 =0 = z =3 which lies outside C.
c(z-3)
.. By Cauchy’s integral formula for derivatives J. g d23)2 =
C
Evaluate_[ j d; , Where C is the unit circle with centre as origin. BTL5
(MAY/JUNE 2009)
12 o
f(z)=
(2)=-—

z=2 lies outside C.
f (z) is analytic inside and on C.
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f'(z) is continuous in C, By Cauchy’s integral theorem J. f(z)dz=0

c

Define Taylor’s series. BTL1

Definition:
13 If f(2) is analytic inside a circle C with its centre at z = a then, For all z inside c,
B f'(a) f (a) f (a) n

f(z)_f(a)+T(z—a) (z a) Forrrerrerenens (z )+t o0,

Define Laurent’s series. BTL1
Definition:

If C, and C, are two concentric circles with centre “a” and radii r,and r, (r,<r,) and
if f(z) isanalyticon C, and C, and in the annulus region between them, then at any point
zinR

f(z a,(z-a)"+
14 (2)= Z (z-a)" Z s a)
where a, = 1_ j f(z)M dz and b, = 1_ j f(z)l_n dz
A (2-a 271, (2-a)
The integrals being taken in the anticlockwise direction.
Define Essential singularity BTL1
Definition:
15 A singular point z =a is called an essential singular point of f(z) if the Laurent’s series of
f(z) containing negative powers of z.
1
Discuss the nature of singularities f (z) =e? .(NOV/DEC 2015)(MAY/JUNE 2012) BTL6
GGG
. el el el
- z z z
16 f(z)=e? =1+ T + T + 3t +..
-2 -3
=1+z" +Z—+Z—
21 3!
Therefore z =0 is an essential singularity, since the principal part contains negative
powers of z.
Define removable singularity BTL1
Definition:
17 A singular point z=a is called a removable singular point of f(z), if the Laurent’s series of
f(z) containing positive powers of z.
18 Find the nature of the singularity f (z) = sinz .BTL1
z
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z 31 5!

There is no negative power of z.
Therefore z =0 is a removable singularity.

i 3 5 2 4
f(z)=—SmZ:1(z—Z—+z—+ ...... j=1—2—+z—-...
z !

Define isolated singularity with an example BTL1

Definition:
A pointz =z, is said to be isolated singularity of f(z)
19 i) If f(z)is notanalytic at z = z,
i) There exist neighborhoods of z = z,containing no other singularity
Example: f(z) = _r has two isolated singularity namely z =1 and z =2.
(z-1)(z-2)
. . . 22 +4
Find the singularities of f(z)=—————.BTL1
2°+22+2
. 7’ +4 . .
20 Given f (z) = ————. [The singularities are poles]
2°+22+2
The poles of f(z) are given by equating the denominator to zero.
_ +4/ _
22+22+2=0, z :Z_Tuz—lii . Which is a pole of order 1.
Find the singularities of the function f(z) = (cotﬂ; BTL1
Z-a
Given f(z)= cot7zz3 _ CoS 7z :
(z—a)" sinzz(z-a)
21
i.e.sin 7rz(z—a)3 =0 = sinzz=0 (or)(z—a)3 =0
Now(z—a)’ =0
z=a isapole of order 3 and then sinzz=0
rz=Nr= z=1n, n=0123....
Z ==xn are simple poles.
State nature of the singularities of f(z) = sin(ilj BTL1
Z+
Given f(z)=sin (ij
22 z+1

z+1 3! oS!

Sin(zilj:( 1 j_[zij +(z1j N
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_(LJ_E(LJZE(LT_
z+1) 3W\z+1) s1\z+1) 7

Z=-1is an essential singularity.

23

Find the zeros of the function f(z) =tanz and its pole
(NOV/DEC 2016)BTL1

cosz  Q(2)

The poles are given by cosz =0

Given f(z)=tanz =

Z :(2n+1)% where n=0, 1, +2 ,43,....

P@)

Q'(a)

ﬂ_ sinz__

Q'(2) C _sinz

Res {f (z),(2n+1)%}:—1 where n=0, £1 +2 ,43,....

Hence the residue of each pole is -1

Res[f(z).a]=

Now

24

Find the zeros of the function f(z)=cotz and it’s pole BTL1

cosz P(z)

sinz  Q(2)
The poles are given by sinz =0
z=nz where n=0,+1 +2,43,....

Given f(z)=cotz=

_ . P[nx]
Residue of f(z) at z=nz is ———=
Q [nﬂ']

P(z) _ cosz

Q'(2) " cosz

Pz) cos(2n +1)Z

S = =1 where n=0,+1 +2 ,43,....
Q'(2) cos(2n+1)%

25

2

i— and at its simple pole. BTL1

Find residue of f(2)=
(z-1)"(z+2)

ZZ

(z—l)z(z+2)

The poles of f(z) are given by(z —1)2 (z+2)=0

Given f(2)=
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z=1isa poleof order2 and z=-2 isapole order 1[Simple pole]

Residue of f(z) at z=-2: [simple Pole] Res| f(z)] _=lim(z—a)f(2)
z° : z° 4
—_— lim =2
(z-D)°(z+2) 75 -2(z-1)° 9

Res[f(2)]_, = ) im_z(z +2)

PART-B

J-sin 2% +C0S z?
C

(z-D(z-2)

Use Cauchy’s integral formula to evaluate
|z| =3 (MAY/JUNE 2016) (8 M) BTL3
Answer : Refer Page No.4.10- Dr.M.CHANDRASEKAR

sinzz’ +coszz? 1 1 2M)

Z-Dz-2) (z-2) (z-))

jﬂdz _2zif(a) (2M)

2 (z—-a)
inzz’ z° :
J-s rL+C0SET @M
¢ (Z-D(z-2)
Use Cauchy’s integral formula to evaluate _[ (Lzll)dz where C is the circle
Z°+2z+5

|z+1-i|=3 (NOV/DEC 2006) (NOV/DEC 2014) (8 M) BTL3
Answer : Refer Page No.4.16- Dr.M.CHANDRASEKAR

J A B

(22+22+5) z-(-1+2i) z-(-1-2i)

| '@ 47 —27i t (@) @M)

¢c(z-a)
j 2z+4 dz:7z(3+2|) (@ M)
2 (z°+22+5) 2
Use Cauchy’s integral formula to evaluate J.;dz where C is the circle
2 (z-1D(z-2)

22| =% (MAY/JUNE 2015) (8 M) BTL3
Answer : Refer Page No.4.24- Dr.M.CHANDRASEKAR
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[Pz 2zt @) @M

2 (z—-a)
[—2—dz=4zi (6M)
2 (z-1)(z-2)
Use Cauchy’s integral formula to evaluate J.Z—Hdz where C is the circle |z| =2
2 (z-3)(z-))

(MAY/JUNE 2016) (8 M) BTL3
Answer : Refer Page No.4.29- Dr.M.CHANDRASEKAR

4.
j @ g7 2ai f(a (2M)
2(z-a)
[—22 _g-—2d (6M)
2 (z-3)(z-1)
Use Cauchy’s integral formula to evaluate jz—_lzdz where C is the circle
2 (z2-2)(z+1)
lz-i|=2 (8 M)BTL3
Answer : Refer Page No.4.31- Dr.M.CHANDRASEKAR
S. 27l
——f"(a) ; alies inside c
S (R i @M
4 (z—a) 0 ;a lies outside ¢
I z-1 ZdZ:_Zm 6 M)
2 (z2-2)(z+1) 9
Use Cauchy’s integral formula to evaluate JZZ;le where C is the circle
2(z°+2z2+4)
lz+1+i[=2 (8 M) BTL3
Answer : Refer Page No.4.39- Dr.M.CHANDRASEKAR
6. .
| @) 4y oz fa) (2M)
2 (z—-a)
z+1 .
z=ni (6 M)
;[ (z2*+2z2+4)
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2
Expand _ =1 inthe appropriate series in the regions (i)2<|z|]<3 (ii) |z| >3
(z+2)(z+3)
using Laurent’s series. (8 M) BTL2
Answer : Refer Page No.4.51- Dr.M.CHANDRASEKAR
. f@=l+——-2 m)
. z+2 z+3
(i) In 2<|z| <3,
[ ] 3 © 2 n 8 © z n (3 M)
f(2)=1+>> (D" £ ] -2 (-1 £
(2) ZnZ:;,( ) (z) SHZ:;‘( ) (3)
(i) In|z|>3,
° 3& 2 n 8 3 n (3 M)
f(z)=1+— D" = —=> D" =
(2) zn;( )(z] ZHZ:(;( )(zj
72-2 . . - . . .
Expand f(z) =—————— in Laurent’s series in the regions (i)2<|z|<3 (ii) |z|>3
2(z-2)(z+1)
(8 M) BTL2
Answer : Refer Page No.4.52- Dr.M.CHANDRASEKAR
1 2 3
o fo))=—+—-—— (2M
" (@) z z2-2 z+1 @M
' (i) In 2<|2|<3,
° o n+1 o n+1 (3 M)
f(z)= 1) Z(Ej +3> (—1)”+1(lj
Z oo\l n=0 z
i) In|z|>3,
° - n+l o n+l (3 M)
f(2)= 1+Z(3j £33 (—1)””(1}
Z o\Z n=0 z
72-2 . .. . ..
Expand f(z) =——————— in Laurent’s series in the region (i)|z|<2 (i) 1<|z+1]<3
2(z-2)(z+1)
(MAY/JUNE 2014) (8 M) BTL2
9. | Answer : Refer Page No.4.52- Dr.M.CHANDRASEKAR
. f@)=ii 23 2 M)
z -2 z+1
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(i) In[7<2,
° 1 &(z2 " = n (3 M)
@355 5

(i) In1<|z+1]<3,
. 3 & 1Y 2&(z+1) BGM)
-2

z+1 FH\lz+1 s

Expand f(z)= in Laurent’s series in the region (i)|z|>2 (ii) 0<|z-1<1

1
(z-D(z-2)
(NOV/DEC 2014) (8 M) BTL2
Answer : Refer Page No.4.57- Dr.M.CHANDRASEKAR

o f(z):__l1 LZ (2 M)
z2-1 z-
10.
(i) Inz|>2,
. 2 (1) 1&(2)  @M)
f()=—>|=|+=>|=
@--3(3)+3(3)
(ii) In 0<|z-1 <1,
° _ o 3M
f(z):—l+2(z—1)n M)
z-1 n=0
H 2 2
Use Cauchy’s Residue theorem to evaluate ISInﬂZ jcosnz dz where C is the circle
s (z-D)°(z-2)
z2|=3 (NOVI/DEC 2015) (8 M) BTL3
Answer : Refer Page N0.4.96- Dr.M.CHANDRASEKAR
11 e [ f(2)dz=2ni [sumof theresidues] (2 M)

{Res f(z)atz:z} =1
( (4 M)

Res f(2),,,} =27 +1

; 2 2
. J-S|n7zz +COS7Z dz=4zil-7) (2 M)
c

(z-D*(z-2)
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Use Cauchy’s Residue theorem to evaluate I 1222 l dz where C is the circle
2 (z-1)°(2z2+3)

|z|=2 (8 M) BTL3
Answer : Refer Page No.4.92- Dr.M.CHANDRASEKAR

I f (2)dz = 2xi [sum of theresidues] (2 M)
C

12.
{Res f(2),,, }= —4
(4 M)
{Res f (Z)atz—l}
J‘ 12z -7 dz=0 (2M)
2 (z-1)%(2z+3)
ZZ
Use Cauchy’s Residue theorem to evaluate I >————0z where C is the circle
2 (z+D)°(z°+4)
|z|=3 (8 M) BTL3
Answer : Refer Page N0.4.99- Dr.M.CHANDRASEKAR
. j f (2)dz = 2ni [sumof theresidues] (2 M)
C
13. 8
{Res f (Z)atz:—l} = _2_5
—4
. Resf(2)., ,‘l=————0o 4 M
{ ( )atz_Zl} (1+2|)2(4|) ( )
—4
Res f(2).,,_0i{=——5——
{Res £ (D), (1-2i)° (-4i)
Z2
[—F7—dz=0 2 M)
2 (z+D)(z°+4)
Use Cauchy’s Residue theorem to evaluate j 1y where C is the circle |z—i|=2
(2 +
(8 M) BTL3
14.

Answer : Refer Page N0.4.100- Dr.M.CHANDRASEKAR

j f (z2)dz = 2xi [sum of theresidues] (2 M)
C
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1
Res f(2) 0,01 ( = =
. { =2 } 32 (4M)
{Res f (Z)atz:—zi} = 0
dz V3
=— (2 M)
l(z2 +4)° 16
c0s 260
Evaluate Imdé’ by using Contour integration (MAY/JUNE 2014) (8 M) BTL5

Answer : Refer Page No0.4.105- Dr. M.CHANDRASEKAR

2r 2
J~ cos 26 de—if (z° +1)dz (3 M)

4L A (z+12)(z+2)

v 5+4cosd 4i
I f (z2)dz = 2xi [sum of theresidues] (1 M)
C

15.
{Res f (Z)atz:O} = __
17
o {Res T (2 yn) AL
{Res f (z)m:ﬁz} =0
2z
I cos 26 do=" (1M)
v, o+4cosd 6
T de 27
Prove that _[ ———F  =— by using Contour integration. (NOV/DEC 2006) (8 M)
y ot+4sing 3
BTL5
Answer : Refer Page No.4.120- Dr.M.CHANDRASEKAR
2z
. j j (3 M)
16. 5+4sm0 (z+ 2|)(22+|)

C

. jf(z)dzzzni [sumof theresidues] (1 M)

C

1
Res f(2),i2) = i @3Mm

Res f(2),, 5} =0

L
{
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2z
. j—dg _2z 1 M)
, o+4sing 3
2z 0
Evaluate I ———— by using Contour integration. (NOV/DEC 2014) (8 M) BTL5
o 13+5sin6
Answer : Refer Page No.4.123- Dr.M.CHANDRASEKAR
2z
o e[ M)
o 13+5sin@ 2 (5z+1)(2+5i)
17 . j f (2)dz = 2ni [sumof theresidues] (1 M)
' c
{Res (2),,.5:} =0
o 1 (3 M)
Resf(z) ,;=—
atz=— | 12I
2z
e [ 2 awm
5, 13+5sind 6
2
Evaluate j L by using Contour integration. (NOV/DEC 2008) (8 M) BTL5
(X +1)(X +4)
Answer : Refer Page No.4.92- Dr.G.BALAJI
© 2 2
° J X"0X I dz (1 M)
G+ +4) (P +D)(22+4)
18 o I f (z2)dz = 2ni [sumof theresidues] (1 M)
' C
{Res f (z)m:i} :é
. , B M)
Res f (z =—=
{Res (D)} =3
o 2
° _[ 2 ’ dXz =Z (3 M)
S (xT+D)(x*+4) 3
COSmx
19 Evaluate_[—)dx by using Contour integration. (NOV/DEC 2016) (8 M) BTL5
Answer : Refer Page N0.4.101- Dr.G.BALAJI
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. Tcosmxdx _RP of I

emz
= ——dz (1M
. (X2+a2) 2 a2) ( )

C
e [ f(2)dz=2ri [sumof theresidues] (1 M)
C

—ma

+ Resf@ua}=S-  GM)
. Tcosmx _me™ 3 M)
. (x> +a ) 2a

UNIT V LAPLACE TRANSFORMS

Existence conditions — Transforms of elementary functions — Transform of unit step function
and unit impulse function — Basic properties — Shifting theorems -Transforms of derivatives
and integrals — Initial and final value theorems — Inverse transforms — Convolution theorem
— Transform of periodic functions — Application to solution of linear second order ordinary
differential equations with constant coefficients.

PART * A

Q.No.

Questions

State the sufficient condition for the existence of Laplace transforms.
(OR) State the conditions under which the Laplace Transform of f(t) exisits.
(APR/MAY 2015, 2017) BTL1
The Laplace transform of f(t) exists if
a) f(t) is piecewise continuous in [a, b] where a > 0.
b) f(¢) is of exponential order.

1-cost

Is the linearity property applicable to L [ ] ?Reason out? BTL5

Given, L [1 C"St] =1L H L [C"S ] by linearity property, provided the result exists.
L H does not exist. Since lim 1 = 1 = 0,
t t—0 t 0

L [cos t1 does not exist. Since, lim %St - % — 0
t—

~. Linearity property is not applicable to L [1 ”"“]
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If L[F(t)]=F(s), Prove that L [f (g)] = 5F(5s). BTL5
L[ ()] = _Te‘“ f (t)dt

t

3 put —=u=5du=dt
t o0
Ll f| = ||=e®¥"f(u)5du
[l feo
=5[e " f (u)du=5F (55)
Find the Laplace transform of unit step function. BTL1
0t
The unit step function is ua(t)={1 <4 a>0
4 t>a,
The Laplace transform L[ f (t)] = _[e‘St f (t)dt= Ie‘“ Odt= { } [e‘°° - ‘as]=
Prove that LU f (t)dt] :ﬂwhere L[f(t)] = F(s). [DEC 2016] BTL5
S
0
t
Let F(t) = j f (t)dt
0
F'(t)= f(t
. (t)=f(t)

LIF" ()] = sL[F ()] - F(0) = sL[F ()] -0

L[ f (£)] = SL[F (0)] = sL[j f (t)dt]

F(s)
( j f(t)dtJ .

0

Does L{Cosat}exist? BTL4

Lt f(t) Lt cosat :1:
6 t->0 t t-0 t 0

L[cotsat} does not exist.

7 Obtain the Laplace transform of sin2t — 2tcos2t. BTL3
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L[sin 2t —2tcos2t] = L[sin 2t] - 2L[t cos2t] = L[sin 2t]— 2(— di L[cosZt])
S

= +2£( > j= 2 +2((52+4)(1)—5(25)]
s?+4  ds\s’+4) s?+4 (s? +4)2

_2(s*+4)+2(4-s) 16

G G

Find Ll[f;z}. BTL4
S*+2s+2

L‘l[ S+2 }—L‘l{ (s+1)+1

212512 (S+1)2+1}(". L [F(s+a)]=e L [F(s)]}

ERERIEAS
(s+)°+1 (s+D)°+1

:e“[“l[sfu} L_l[szluﬂ

=e ' (cost +sint).

What is the Laplace transform of f(t),0 < t < 10 with f(t) = f(t + 10)? BTL3
Given f(t) is a periodic function with period p.

LLf(t)]= i_ps JEeSt f (t)dt

1-—

1 .
put p=10, L[f(t)]:l_e—ws'([e f (t)dt

10

State and Prove Linearity property. [MAY/JUNE 2016] BTL1
Statement:  L[af (t) £bg(t)]=aL[ f (t)]£bL[g(t)]

proof :  L[f(t)]= Te‘St f (t)dt
L[af (t) + bg(t)] = Te-st L[af (t) + bg(t)]dt
= Te“ af (t)dt + Te“bg(t)dt

=afe f()dt=b[eg(t)dt
0 0

=alL[f (t)]£bL[g(t)].

11

S

Find L‘l(—z
S°+4S+5

j. [MAY/JUNE 2016] BTL3
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L_l( g S ]:L—1 (S+2)2—2 :e—ZtL—l( Sz_zj
S°+4S+5 (S+2)°+1 S +1

_e?t L_l( Sz_zj_ZL_l( 21 ] = e *[cost — 2sint].
S*+1 S +1

Find L[te™ cos2t]. BTL3
s’ -a’
We know that L[tcosat]=-———,
12 (s®+a%)
2 2 2 2
Lte™ cos2t]=| -5 =2 _ (5437 -2
(s> +2%)% | ... ((s+3)*+2%)
Find L1 [tan*@ﬂ. BTL3
41
Let F(s)=tan [—j
S
. 1 -1 -1
F(s)= 2 (_zj =2
i S s°+1
1+ %)
13 . 1
By property L‘l[F (s)]: —L‘{ 5 } =—sint
s +1
s Lt [F'(s)]z —sint;
L[F(s)]= _Tl L[ ()]
L{tan 1(%} £
S t
Solve using Laplace transform % +y=e'given that y(0) = 0. BTL3
Taking Laplace transform on both sides, we get
14 | LIy ®I+Lly®]=L[e"]

sLLy(®)]-y(0) + LIy(t)] = L[e™]

SL[y()]- 0+ L{y(®)] = 5%1
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1

(s+DLLy()] = o1

1
LLy(0)] :((s+1)2J

, T O S B I
y(t)—l_ ((S+1)2J—e L(m}—e t.
Lo L[e™f(t)]=F(s+a)}

15

Given an example for a function that do not have Laplace transform. BTL5
Consider f(t) = et’, since |_1:e‘5‘etz =, hence et is not exponential order.

t—o0

Hence f(t) = et” does not have Laplace transform.

16

3

be the Laplace transform of somef(t)? BTL5

Can F(s) = >
(s

1)2

3

LtF(s)=Lt —— %0

S—x S—x0 (S +1)2
Hence F(s) cannot be Laplace transform of f(t).

17

t
Evaluate jsin ucos(t —u)du using Laplace Transform. BTL3
0

t
Let L{J'sin ucos(t - u)du} = L[sint *cost]
0

= L[sint]L[cost] (by convolution theorem)
1 s S
(s2+1) (s*+1) (s*+1?

t
J.sinucos(t—u)du:L’l % :lL*1 % :lsint.
0 (s +2) 2 (s*+1) 2

[ L‘l[i] =tsin at}.
(s> +1)°

18

Given an example for a function having Laplace transform but not satisfying the continuity
condition. BTL1

-1
f (t) =t 2 has Laplace transform even though it does not satisfy the continuity condition. (i.e.) It
is not piecewise continuous in (0,:0) as|_t f(t) = .

t—0

19

Define a Periodic function with example. BTL1
f(¢t) for all t. The least value of p > 0 is called the period of f(t). For example, sint and
cos t are periodic functions with period 21t.

20

If L[f(£)] = F(s), find L[f(at)]. [APR/MAY 2018] BTL5
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L[ f (at)] = Te‘s‘ f (at)dt

put u=at
S

L[f (at)] = Te(aj” f (u)% _ Se@” f (u)du = i FG)

Find the Laplace transform of é [APR/MAY 2018] BTL3
21 L[it} —Let] = Fz} S
€ S S—>s+1 (S +1)
State Convolution theorem on Laplace Transform. [MAY/JUNE 2017] BTL1
22 | The Laplace transform of convolution of two functions is equal to the product of their Laplace
transform. (i.e) L[f(t)*g()] = L[ f ()IL[g(®)].
Find L[%} [APR/MAY 2017] BTL3
We know that,
e I(n+1
Ly =H02
S
Ll s
L|—=|=LJt 72
5 | Y] -u
T % +1)
S—%+l
(Y [x
- 2 - S .
§72
Find the Laplace transform sin3(2t). BTL3
Lsin®(2t)] = % L[3sin 2t — sin 6t]
3, 1. ..
= — L[sin 2t] — = L[sin 6t
2 [sin 2t] 2 [sin 6t]
24 {osin’t =%[35int—sin 3]}
FakilEs
4\s*+4) 4\s*+36
e s
4\s*+4) (s*+36
25 | Find the Laplace transform of e~2t'z, BTL3
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-2t1/2\ _ | :1/2
Le ~t9) = LIt ]s—>s+2

vif LIFOI=F(s), then 1”2 OI=FE)/ .,

3 3
52 S—>S+2 52 S—>S+2
1= .
_ 2 ['.'F(—j=\/;, Fn+1:nFnJ.
3 2
(s+2)2
Does L{Cosat}exist? BTL5

26 t—>0 ¢ - t—0 t 0

L[Coiat}does not exist.

Using Laplace transform, Evaluate J' te ' sintdt. [APR/MAY 2015] BTL3
27 | "
e tmat=|[e*f@dt| =[Lltsint]],,= [_EL[SW]} :_i( 1 j:i
0 ; - ds s ds{s®*+1) 25
Part*B
Find
1) L[stht]

2) L[e smt]
3) [w]. [APR/MAY 2011,2015, NOV/DEC 2012,2016]  (12M)  BTL3

Answer: Refer Page No:5.35 - Dr. G. Balaji.
1 1)

sinh2t | % 1 s-2\|
L{ " } IL[stht]ds I ds— {ﬂl g(s+—2ﬂs

S

1 S+2 ’S+2
|:|Og 3—2:| |Og s—2 (4M)

2)
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el

= [cot’l SL_,(SH) =cot™(s+1). (3M)

3)

L{M} = I L[cosat —cosbt]ds
s S 1 1, s?+Db?

= - ds==|log(s*+a®)—log(s*+b?*)| ==lo . 5M
-![s%az sz+b2} 2[ g(s” +a’) ~log(s™ + )]j 2 gsz+a2 (M)

1) State and prove Initial Value and Final value theorem. [APR/MAY 2017]
2) Verify the initial and Final value theorem for f (t) =1+e'(sint +cost). [NOV/DEC

2009, MAY/JUNE 2012]
3) Using the initial value theorem, find Lt sL[f(t)] for the function f(t)=e"cost .

[NOV/DEC 2016] (16M) BTL3

Answer: Refer Page N0:5.40 - Dr. G. Balaji.
1) Initial Value theorem Statement: L[ f (t)] = F(s), then tLt0 f(t) = Lt sF(s).

Proof :We know that L[f (t)]=sL[f(t)]- f(0)=sF(s)- f(0)

= [e ' (t)dt
0

Lt[sF(s)— f (0)]= Lt j e f'(t)dt = Lt sSF(s)— f(0)=0
0
hence tLgf(t): Lt sF(s). (2M)
Final Value theorem Statement: L[ f (t)]=F(s), then tLt f(t)= LtOsF(s).
Proof :We know that I[f (t)]=sL[f(t)]- f(0)=sF(s)- f(0)

= Te“ f (t)dt
Lt [sF(s) - f(0)]= Lt Te“ f(dt= LtsF(s) - f(0) = f(0) - £ (0)

hence tLt f(t)= L'%sF(s). (2M)

2) f(t)=1+e'(sint+cost)
Initial Value theorem state that L[ f (t)] = F(s), then tLt0 f(t) = Lt sF(s).
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L[ f (t)] = L[1+e'(sint +cost)]
11 s+1

+ +
s (s+1)*+1 (s+1)*+1
LHS =lim f()=2.

RHS = Lim[1+M}=2 (4M)

son| - (s+1)7+1

LHS = RHS
Hence, Initial VValue theorem verified.
Final Value theorem state that L[ f (t)] = F(s), then tLt f(t)= LtOsF(s).

LHS =lim f(t) =1,

RHS = Lim| 14+ G +2)_|_4 (4M)
50 (s+1)°+1

LHS = RHS

3) Initial Value theorem Statement: L[f (t)]= F(s), then tL% f(t) = Lt sF(s).

f(t)=e" cost

Iting f(t)=1

lim sF(s) =1 (4M)

Hence proved.

Using convolution theorem find L™ L . [APR/MAY 2011] (8M) BTL3
(s+a)(s+b)

Answer: Refer Page No:5.77- Dr. G. Balaji.

e lera o)
(s+a)(s+b) | (s+a) \ (s+b)
" )

| (s+a) (s+b)

—at *e—bt (3M )

=e
t

_ J'e—ate—b(t—u)du
0
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o-(a-0)u u=t
= e-bt[ } (3M)
—@-=b) o
e—bt _e—at
=, 2M
S (2M)
Note:
Using convolution theorem find L™ 1 . [INOV/DEC 2007,2012] (8M)
(s+1)(s+2)

Hint:
In the above problem puta = 2,b = 1.

2
Find the Laplace inverse of {(szj—az)z} using convolution theorem. [NOV/DEC 2011] (8M)

BTL3
Answer: Refer Page No:5.84- Dr. G. Balaji.

B s? _ s s
(s2+a?)? | (s> +a?) | (s®+a?)

_Lfl S *Lfl S

(2 +a?) (s +a?)

= cosat*cosat (3M)

t
= Icosau cosa(t—u)du
0

t
4 = %I[cos(au +at—au) +cos(au —at + au)]du (2M)
0

21 sin[2au — at]
=5 {[(cosat)u]+ [—Za ﬂ

sin at
a

U=t

U=o

1
= —{tcosat+

2
L{(ZS—Z)Z} = 2—161[sin at -+ atcosat]. (3M)
s’ +a

Note:

2
Using Convolution theorem, find L_1|:(SZS—4)2:|' [NOV/DEC 2012] (8M)
+
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Hint:

In the problem put a = 2.

Using convolution theorem find L‘{ﬁ} [NOV/DEC 2013, APR/MAY 2017] (8M)
+

BTL3
Answer: Refer Page No:5.83- Dr. G. Balaji.

L S L S 1
(s2+a?)?| (s2+a%) )\ (s*+a?)

_ Lfl S *i Lfl a

T (s?2+a?) ) a | (s?+a?)

= cosat*lsin at (3M)
a

= —.[cosau sina(t—u)du

1 Jt.[sin(at—au+au)+sin(at—au—au)]du (2M)

cos[a(t - 2u)]ﬂt

0
i [(sin at)u]+
2a —2a
1 [ cosat cosat}
=—|tsinat+ -
2a 2a 2a
L! =—tsm at. (3M)
(s +a’)’| 2a

S
(s* +a%)(s* +b?)
Answer: Refer Page No:5.81- Dr. G. Balaji.

Using convolution theorem find L{ } [MAY/JUNE 2016] (8M) BTL3
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L S e S 1
(s> +a?)(s?+b?) | (s> +a?) | (s® +b?)

_ Lt S > L 1

T (sP+ad) (s? +b?)

:cosat*%sin bt (3M)
1 t
= Ez[cosau sinb(t—u)du

t
:2—1b.[[sin(au+bt—bu)+sin(bt—bu—au)]du (2M)
0

- i_‘:—COS[(a—b)U + bt} {—cos[bt—(aJr b)u]ﬂt

2b| a—b —(a+b) 6
= i Cosat[i — Lj — COSbt[L — Lj
2b| a+b a-b a+b a-b
a S cosat —cosbt
= . 3M
{(sz+a2)(sz+b2)} b* —a’ (M)

Note:

S
(s® +1)(s* + 4)

Using convolution theorem find Ll[ } . [MAY/JUNE 2015,2016] (8M)

Hint:
In the above problemputa =1,b = 2,

S
(s® +4)(s* +9)

Using convolution theorem find Ll{ } . [MAY/JUNE 2015,2016] (8M)

Hint:

In the above problem put =2,b = 3.

SZ

(s* +a*)(s* +b?)
NOV/DEC 2014, 2016] (8M) BTL3

Find Ll{ }using convolution theorem. [APR/MAY 2014, 2015,2016,

JIT-JEPPIAAR/S&H/MATHEMATICS//1 Yr/SEM 01/MA8251/ENGINEERING MATHEMATICS-II/UNIT 1-5
/1QB+Keys/Verd.0

73




REGULATION : 2017 ACADEMIC YEAR : 2020-2021

Answer: Refer Page No:5.86- Dr. G. Balaji.

B s? L S S
(s> +a?)(s? +b?) | (s? +a?) | (s> +b?)

_ Lt S > 1 S

| (s?+a?) (s? +b?)

= cosat * cosbt (3M)

t
= Icosau cosb(t —u)du
0

t
= % [[cos(au + bt —bu) + cos(au - bt + bu)]du (2M)
0

2 a-b a+b o

1 . 1 1 : 1 1
=—|sinatf ——+—— |+sinbt] —— ————
2{ (a—b a+bj (a+b a—bﬂ

2 - -
a4 S asin at —bsin bt
= . 3M
{(sz+a2)(sz+b2)} (M)

_ lﬂsin[(a —b)u+ bt} N [sin[(a +b)u - btﬂt

a’—b?

Note:

2

s
(s +1)(s* +4)

Find L{ }using convolution theorem. [APR/MAY 2017] (8M)

Hint: In the above problemputa =1 &b = 2.

k 0O<t<b

Find the Laplace transform of the rectangular wave given by f(t) = :
-k ,b<t<?2b

[APR/MAY 2008, 2015] (8M) BTLS5
Answer: Refer Page No:5.92- Dr. G. Balaji.

. k ,0<t<b
Given, f(t)= :
-k ,b<t<?2b
This function is periodic in the interval (0,2b) with period 2b.
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L[ f(t)] = ! fe“ f (t)dt

1-e™™
1 b
LLF ()] = — [e™ f (D)t
1_e 2b _([
1 b 2b
- j e~ (k)dt + j e‘“(—k)dt} (2M)
1-e2 |3 )

K [ ot b ot 2b
| 0 b
1 [1_ 2e—bs + e—zbs]

(2M)

Note:
1 0O<t<b

Find the Laplace transform of the rectangular wave given by f (t) = :
-1 ,b<t<?2b

[APR/MAY 2013, 2014] (8M)
Hint: In the above problem put k = 1.

E 0O<t<a

Find the Laplace transform of the rectangular wave given by f(t) = for all
—-E ,a<t<«?2a

f(t+ 2a) = f(t) [NOV/DEC 2010] (8M)
Hint: In that above solved problem put k = E and b = a.

Find the Laplace transform of a square wave function given by

E for 0<t< %
f@t)= and f(t+ a) = f(t). [NOV/DEC 2011, 2016, MAY/JUNE

for %stsa

2016] (8M) BTL5
Answer: Refer Page No:5.95- Dr. G. Balaji.

JIT-JEPPIAAR/S&H/MATHEMATICS//1 Yr/SEM 01/MA8251/ENGINEERING MATHEMATICS-II/UNIT 1-5
/1QB+Keys/Verd.0

75




REGULATION : 2017 ACADEMIC YEAR : 2020-2021

L O =

1
1__e—as

p
j e % f (t)dt
0

LT ()] =

j e % f (t)dt
0

N

(2M)

_ 1 fe“(E)dHTe“(E)dt]
0 %

R
B [ ien]
e [ om)

s (1— e 2 )(1+ e_a%)

E as

, O<t<a

Find the Laplace Transform of triangular wave function
a<t<2a

2a—-t

f(t+2a) =f(1).
NOV/DEC 2005, 2009, 2014] (8M) BTL5

Answer: Refer Page No0:5.94- Dr. G. Balaji.

with

[APR/MAY 2000, 2008, 2015, 2016, MAY/JUNE 2006, 2009, 2012,

10 L] -

—2as

2a
j e % f (t)dt
0

a 2a
= %[I e "tdt + I e (2a—t)dt} (2M)
l1-e 0 A
1 _ ae—as e—as 1 ae—as e—2as e—as
L[f(t)]= - +—+ - 3M
LF(V)] 1-e2* { S s2 s° s s?  g? (M)
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1 [1-2e™ +e2
L[ f(t)]=
e
1 (1-e®)°
<2

s l-e®)1+e™)

- itanh{%} (3M)

Using Laplace transform technique, solve y” +y' =t*+2t, given y=4,y = -2
when t = 0. [NOV/DEC 2013, MAY/JUNE 2016] (8M) BTL 3

Answer: Refer Page N0:5.109- Dr. G. Balaji.

Given: y" +y' =t*>+2t, y=4,y' = -2 whent =0,

LLy" )]+ LLy' ()] = L[t*]+ 2L]t]
s*LLy(t)]-sy(0) - y'(0) +sLy(t)] - y(0) = S% + 25% (2M)

2+2s  4s*+2s° +2+2s
s s°

(s +s)L[y(t)]=4s+2+

4s* +2s% +2+2s
111 1ym= T
S°(s“+59)

4 2 2
Hy() Tsil” s(s+1) +s_4 (3M)
LyOl=2+ 24 5

-2t L Toa 1]
S s+1 S

y(t) =2+ 26" +%t3. (3M)

2

Solve ?j y + 4y =sin 2t,given y(0) = 3, and y'(0) = 4. [MAY/JUNE 2014] (8M) BTL 3

t2

12 | Answer: Refer Page No0:5.106- Dr. G. Balaji.

2

Given: Zty+4y:sin 2t, y(0) = 3,and y'(0) = 4.

2
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LLy" (O] +4LLy(t)] = L[sin 2t]

, 2
[s*LLy(®]-sy(0) - y' (O)] +4LLy()] = 2
[s? +4]L[y(t)] = 22 4+3$+4 (3M)
2 3s 4
LLy(t)] = + +
Lyl (s*+4)° s*+4 s°+4
y(t)— L (s7+27)~(s" -2 +3c082t + 2sin 2t (3M)
(s® +2%)? 2
y(t) :%sin 2t—%tcosZt+3cosZt+25in 2t. (2M)
d’x _dx
Solve —-—-3—+2x=2 givenx = 0 and — = 5 for t = 0 using Laplace transform method.

[APR/MAY 2011, NOV/ DEC 2012] (8M) BTL 3
Answer: Refer Page N0:5.100- Dr. G. Balaji.
2
(:j > —3%+2x 2 given x = Oand—— 5fort=0.
L[x"(t)] —3L[x'(t)] + 2L[x(t)] = L[2]

[s*LIX(®)] - sx(0) — X' (0)] - 3[sL[x(t)] - x(0)] + 2L[x(t)] = 2L[1]

Given:

[s® —3s+2]L[x()] ==

13
2+5s
L[x®)]=———— 2M
[x(t)] (2_35+2) (2m)
Lxo) ==+ O
s—1 (s-2)
x(t)=L" i 7Lt L +6L" ! (3M)
S s—1 (s-2)
X(t) =1-7¢" + 6e* (3M)
Solve using Laplace transform, x” — 2x’ + x = e when x(0) = 2,x'(0) = —1. [NOV/DEC
14 2015, APRIL 2017] (8M). BTL 3
Answer: Refer Page No0:5.103- Dr. G. Balaji.
Given:
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X" (t) = 2x'(t) + x(t) = €'
x(0) =2;x'(0) =-1
[s*L[x(t)] - sx(0) — x'(0)] - 2[sL[x(t)] - x(0)] + L[x(t)] = L(e")
L[x(t)](s -1)* :Si_l+25—2—3. (3M)
1 N 2(s-1) 3
(s-1° (s-1° (s-D)°

x(t)=L‘l[ L 3}2&[ ! }3&{ : 2}
(s-1) (s-1) (s-1)

2

:e‘%+2et —3e't (5M)

LIx(®)] =

Solve by using L.T(D? + 9)y = cos 2t, given that if y(0) = 1,y (g) = —1. [NOV/DEC

2004, MAY/JUNE 2009, APR/MAY 2015, DEC/JAN 2016] (8M) BTL 3
Answer: Refer Page No: 5.99- Dr. G. Balaji.
Given:

(D?+9)y = cos2t.
y"'(t) +9y(t) = cos2t.
L(y" (t)) +9L(y(t)) = L(cos2t).

[S?LIy()] - sy(0) - y' (O)] + OL[y(t)] = —

s*+4

(2M)
S
s?+4
S s+k
15 HyOl= (7 +A) (52 +9)  (5°+9)
1

S 4 s k
LLy(t)] = +—= +
Ly®l 5s°+4 5s*4+9 5?49

(s> +9)L[y(t)] = +s+Kk.

(2M)
y(t) :%c052t+gcos3t+§sin 3t. (2M)

oof2)=

z
2

oy z :10032 z +ﬂcos3 z +Esin3 Tl
2) 5 2) 5 2) 3 2
k=12,
5
y(t) = %cosZt +gcos3t +gsin 3t. (2Mm)
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